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A B S T R A C T   

Interactions between solitary waves and structures in a steady current are studied based on a fully nonlinear 
wave potential theory, and a higher order finite element method (FEM) with a mesh of 8-node quadrilateral 
isoperimetric elements is employed to simulate the interaction in two-dimensions. Numerical examples are given 
by solitary waves propagating over an underwater rectangular cylinder in a steady current in a tank and solitary 
waves acting on single- and twin-rectangular cylinders in a steady current on free surface. Waves and hydro
dynamic forces are obtained at different current speeds. It is found that the peak of diffracted wave due to the 
first and second reflections by an underwater cylinder clearly increase in following current. Furthermore, a 
packet of periodic waves with constant peak and trough are found to appear when the absolute value of the 
Froude number becomes large enough in single- and twin-cylinder cases. For the twin-cylinder cases, the 
maximum wave and horizontal force are clearly affected by the current especially in larger incident wave am
plitudes and smaller spacings. In addition, the nonlinearity of wave or force becomes stronger at larger Froude 
numbers and larger incident wave amplitudes.   

1. Introduction 

The solitary wave is one typical nonlinear wave in ocean, which 
normally appears on the ocean surface in the coastal region. In ocean 
engineering and naval architecture, we normally consider the hydro
dynamic properties of the designed offshore structures in such types of 
water waves. In reality, water waves and currents always coexist in 
ocean. In such a case, the hydrodynamic properties of offshore structures 
may be quite different when compared with the cases without the cur
rents. Thus, it is of great importance to consider the problem of a solitary 
wave interaction with structures in a steady current. 

Solitary wave propagation in shallow water and its interactions with 
coastal structures received extensive attention in the past decades. One 
important research topic is solitary wave propagation in ocean or in 
sloping beaches and quite a lot studies can be found. Typical numerical 
examples including Kim et al. (1983) and Maiti and Sen (1999) by using 
a boundary element method, and Synolakis (1987) by applying Carrier 
& Greenspan transformation (Carrier and Greenspan, 1958), and 
Knowles and Yeh (2018) through higher-order pseudo-spectral method. 
Besides, another interesting problem is the collision between two and 

multiple solitary waves. For example, Su and Mirie (1980) and Mirie and 
Su (1982) studied the two-dimensional interactions between two soli
tary waves by perturbation theory. Later the similar problem is inves
tigated by Cooker et al. (1997) and Chambarel et al. (2009) through the 
boundary element method. Moreover, works about three-dimensional 
interaction between two equal steep solitary waves or the obliquely 
reflection of a solitary wave can be found in Miles (1977), Tanaka 
(1993) and Kodama and Yeh (2016), they found that the 
three-dimensional interactions between solitary waves are very 
complicated, the Mach reflection phenomenon will occur during the 
interaction. In addition to the analytical and numerical works above, 
typical experimental studies including Seabra-Santos et al. (1987) and 
Chen et al. (2015). 

For practical consideration, it is also important to consider the 
interaction between solitary waves and offshore structures. Sibley et al. 
(1982) analyzed the forces of a solitary wave on a fixed two-dimensional 
cylinder by an approximated approach. Later, this diffraction problem is 
investigated numerically by Chian and Ertekin (1992) through the 
boundary element method. A similar method is also employed by Cao 
et al. (1993) to study the two-dimensional solitary waves generated by a 
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moving disturbance beneath the water surface. A more recent work by 
Sun et al. (2015) considered the fully nonlinear interactions between a 
solitary wave and two-dimensional structures floating on free surface 
based on a higher order finite element method. Various cases of the 
forces by solitary wave acting on a single- or twin-cylinder rectangular 
cylinder on free surface are simulated and the effect of wave amplitude, 
initial draught and breadth of cylinder on waves and hydrodynamics 
forces have been discussed. For three-dimensional problems, Isaacson 
(1982) proposed a three-dimensional fully nonlinear boundary element 
method to analyze the interaction between a solitary wave and fixed or 
floating bodies. Based on the generalized Boussinesq equations, Wang 
et al. (1992) considered the diffraction of a solitary wave by a vertical 
circular cylinder, their results are further verified by experiments later in 
Yates and Wang (1994). Using the same equations, Wang and Jiang 
(1993) and Zhao et al. (2007) extended it to the diffraction of a solitary 
wave by an array of circular cylinders, such as two and four groups of 
cylinders. Based on the fully nonlinear velocity potential theory, Zhou 
et al. (2015) considered the interactions between a solitary wave and a 
fixed or a floating circular cylinder, the wave forces on both cases are 
compared and discussed in detail. Besides, the first-order, third-order 
and fully nonlinear initial conditions are also applied and analyzed in 
their work. 

In the real ocean environment, wave and current always coexist. The 
wave-current interaction has been one of the most interesting, appli
cable topics in naval architecture and ocean engineering. Compared 
with the cases only water wave exists, wave loads on these ships and 
offshore structures and the corresponding wave run-ups will be signifi
cantly affected when wave and current coexist. Thus, it is of practical 
importance to consider the interaction between wave-current and 
structures theoretically. In the last two decades, the fully nonlinear 
potential flow model was used to simulate interaction problems of pe
riodic waves and structures in a current. For example, Celebi (2001) 
investigated the transient and steady-state nonlinear wave–current-
body interactions by using a fully nonlinear three-dimensional numer
ical wave tank with a mixed Eulerian–Lagrangian time stepping 
technique. Ryu et al. (2003) developed a two-dimensional boundary 
element based numerical wave tank to investigate two-dimensional 
wave-current interactions. They found that wave crests, troughs, and 
wavelength changed due to wave–current interactions. Wang et al. 
(2018) developed an enhanced spectral boundary integral method to 
study the full nonlinear three-dimensional wave and current interaction. 

As far as we know, there is little work about the interactions between 
a solitary wave and a structure in a current. Some works are about 
solitary wave and current interactions only. Zhang et al. (2015) used a 
RANS equations based VOF (volume of fluid) method to simulate a 
solitary wave travelling in a steady current. They found that the solitary 
wave becomes smaller in wave height and larger in wave width when 
the current advanced in the same direction as the wave propagates. On 
the contrary, they become larger and smaller, respectively, which is 
similar to the interaction between a periodic wave with a current. 
However, their work does not consider the wave interaction with a 
structure in a current. Cheng et al. (2020) considered the solitary wave 
slamming on an oscillating wave surge converter under the effects of a 
uniform current by a higher-order boundary element method. In the 
present paper, the fully nonlinear interactions between solitary waves 
with structures in a uniform current are studied based on a higher order 
finite element method. The problem without the current effect was 
considered by one of the authors and co-workers in Sun et al. (2015) and 
it is extended to the cases with a uniform current in the present study, 
which mainly tries to figure out how the uniform current affect the wave 
and hydrodynamic force subjected by the structure. When there is an 
incident current, the incident component of the velocity potential here 
should be re-derived. Besides, the former procedure to calculate the 
hydrodynamic force should also be revised by including a term induced 
by the current. Compared with the former cases without the current, the 
wave elevation and hydrodynamic forces on the structures may be 

deeply affected. The nonlinearity of the numerical results may also be 
different. To illustrate the influence of the current, case studies are 
conducted for solitary waves propagation over an underwater rectan
gular cylinder in a tank with a steady current and solitary wave acting 
with single- and twin-rectangular cylinders in a steady current on free 
surface. 

2. Mathematical formulation 

2.1. Governing equation and boundary conditions 

The problem of a solitary wave interaction with a two-dimensional 
structure is investigated in this article. Two different configurations 
are considered. The first is a submerged and bottom-mounted rectan
gular cylinder, and the second is a rectangular cylinder floating on free 
surface, as given in Fig. 1. A Cartesian coordinate system O-xy is defined 
as shown in Fig. 1, the origin is located at the vertical centre line of the 
structure, the x-axis coincides with the undisturbed free surface, and the 
y-axis points upwards. The free surface and the cylinder surface are 
denoted as Sf and Sb, respectively, and the unit normal vector is directed 
outward from the fluid region is denoted by n→ = (nx,ny).The bottom of 
the fluid is assumed to be a horizontal plane at y = -h and it is denoted by 
Sbot, the artificial boundaries Sc in the figure are located at x = 0 and x =
L for left and right edges, respectively. The fluid is assumed to be 
incompressible and inviscid, and the motion of the fluid is irrotational. 
Thus, the liquid motion can be described through a velocity potential Φ, 
which satisfies the Laplace equation in the fluid domain ∀. 

∇2Φ = 0 in ​ ∀ (1) 

The Φ is subject to the following boundary conditions on the free 
surface Sf 

∂η
∂t

+
∂Φ
∂x

∂η
∂x

−
∂Φ
∂y

= 0 on Sf (2)  

∂Φ
∂t

+ gη+ 1
2
|∇Φ|

2
= 0 on Sf (3)  

where g is the acceleration due to gravity. The condition on the cylinder 
surface can be expressed as 

Fig. 1. A sketch of a solitary wave interactions with a body in a current; (a) An 
underwater and bottom-mounted rectangular cylinder; (b) A rectangular cyl
inder on free surface. 
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∂Φ
∂n

= 0 on Sb (4) 

On the tank bottom the boundary condition is 

∂Φ
∂y

= 0 on y = − h (5) 

In addition, the potential satisfies the radiation condition which is 
imposed through a suitable numerical procedure on Sc. 

For a problem with a steady current with speed U along the x-axis, 
the velocity potential Φ may be split into two parts: 

Φ=φ + Ux (6)  

where φ is the disturbed potential and Ux is the potential due to the 
current. The potential φ also satisfies Laplace equation 

∇2φ = 0 in ​ ∀ (7) 

The boundary conditions mentioned above or Eq. (2) ~ (5) may be 
expressed in terms of the disturbed potential φ as 

∂η
∂t

+
∂φ
∂x

∂η
∂x

−
∂φ
∂y

+ U
∂η
∂x

= 0 on Sf (8)  

∂φ
∂t

+ gη +
1
2
|∇φ|2 + U

∂φ
∂x

= 0 on ​ Sf (9)  

∂φ
∂n

= − Unx on Sb (10)  

∂φ
∂y

= 0 on y = − h (11) 

Eqs. (8) and (9) can be written in Lagrangian form 

Dx
Dt

=
∂φ
∂x

+ U,
Dy
Dt

=
∂φ
∂y

(12)  

Dφ
Dt

= − gη +
1
2
|∇φ|2 (13)  

where D
Dt =

∂
∂t +∇Φ⋅∇ is the material derivative. 

In addition, the initial condition is usually based on the assumption 
that the free surface elevation is known together with the potential on 
the free surface, or 

η(x, t = 0) = ηI(x), φ(x, y = ηI(x), t = 0 ) = φI(x) (14)  

where the expression of φI(x) and ηI(x) need to be re-derived below due 
to the effect of a uniform incoming current. 

2.2. Solitary wave elevation and potential in a steady current 

In this section, we derive the potential and elevation of a solitary 
wave in a steady current by following the work of Friedrichs and Hyers 
(1954). Eq. (6) is rewritten as 

Φ=φ(θ, y) + Ux (15)  

where θ = k(x − ct), k is wave number and c denotes phase velocity. 
Similarly, the wave elevation cab be expressed as 

η(x, t)= η(θ) (16) 

Therefore, the governing equation (7) and boundary conditions (8), 
(9) and (11) can be written as, respectively, 

k2∂2φ
∂θ2 +

∂2φ
∂y2 = 0 (17)  

− k(c − U)
∂η
∂θ

+ k2∂φ
∂θ

∂η
∂θ

−
∂φ
∂y

= 0 on ​ Sf (18)  

− k(c − U)
∂φ
∂θ

+
1
2

[

k2
(

∂φ
∂θ

)2

+

(
∂φ
∂y

)2
]

+ gη= 0 on Sf (19)  

∂φ
∂y

= 0 on y = − h (20) 

The initial conditions of the wave elevations are set to be 

η(θ = 0) = A,
∂η
∂θ

(θ = 0) = 0 (21) 

By employing the perturbation method in Friedrichs and Hyers 
(1954), the wave elevation η, velocity potential φ, phase velocity c and 
wave number k can be expanded into a series, respectively, 

η=Aη0 + A2η1 + A3η2 + ⋯ (22)  

φ=A1/2( φ0 +Aφ1 +A2φ2 +⋯
)

(23)  

c= c0 + Ac1 + A2c2 + ⋯ (24)  

k= k0
(
1+Ak1 +A2k2 +⋯

)
(25)  

where A is wave amplitude. The zero, first and second order equations 
can be obtained by substituting Eqs. (23) and (25) into (17) and (20) and 
collecting the same order of both ends of each equation: 

Zero order: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂2φ0

∂y2 = 0 in ​ ∀

∂φ0

∂y
= 0 on y = − h.

(26) 

First order: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂2φ0

∂ψ2 +
∂2φ1

∂y2 = 0 in ​ ∀

∂φ1

∂y
= 0 on y = − h.

(27) 

Second order: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2k1
∂2φ0

∂ψ2 +
∂2φ1

∂ψ2 +
∂2φ2

∂y2 = 0 in ​ ∀

∂φ2

∂y
= 0 on y = − h.

(28) 

In Eqs. (27) and (28), ψ = A1/2θ/k0. Through Eq. (26)~(28), we can 
obtain 

φ0 = f0 (29)  

φ1 = −
1
2
(y + h)2f ′′0 + f1 (30)  

φ2 =
1
24

(y + h)4f iv
0 −

1
2
(y + h)2( 2k1f ′′0 + f ′′1

)
+ f2 (31) 

It should be pointed out that f0, f1 and f2 are only the function of ψ. 
Here, we may assume that the velocity of current is of zero-order, or it 
has the same order with c0. Then, the terms in free surface boundary 
conditions (18) and (19) can be expanded to first order in a similar way: 
{
(c0 − U)η′

0 − hf ′′0 = 0
− (c0 − U)f ′

0 + gη0 = 0
(32)  
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⎧
⎪⎪⎨

⎪⎪⎩

− (c0 − U)η′

1 + hf ′′1 = [c1 + k1(c0 − U)]η′

0 − f ′

0η′

0 − f ′′0 η0 − 2k1hf ′′0 +
1
6
h3f iv

0

gη1 − (c0 − U)f ′

1 =
1
2
f ′ 2

0 + [c1 + k1(c0 − U)]f ′

0 −
1
2
(c0 − U)h2f ′′′

0

(33) 

By solving Eq. (31), we can obtain 

c0 =U +
̅̅̅̅̅
gh

√
(34)  

f ′

0 =

̅̅̅
g
h

√

η0 (35)  

and the following equation can be obtained by using Eq. (33) 

1
3

h3η′′
0 +

3
2
η2

0 −
2
g
(c0 − U)c1η0 = 0 (36)  

and this equation is solved by using η0 = 1 and η′

0 = 0 at the wave crest 
according to Eq. (21) and we obtain 

c1 =
1
2

̅̅̅
g
h

√

(37)  

η0 = sech2

̅̅̅̅̅̅̅
3A
4h3

√

(x − ct) (38) 

The wave elevation, potential and phase velocity can be obtained 
when it is considered to first order only 

η=Aη0 =A sech2

̅̅̅̅̅̅̅
3A
4h3

√

(x − ct) (39)  

φ=
̅̅̅
A

√
φ0 =

2̅
̅̅
3

√ h
̅̅̅̅̅̅
gA

√
tanh

̅̅̅̅̅̅̅
3A
4h3

√

(x − ct) (40)  

c= c0 +Ac1 =U +
̅̅̅̅̅
gh

√
(

1+
1
2

A
h

)

(41) 

The previous work by Cooker et al. (1997) and Zhou et al. (2016) 
have already indicated that the higher-order solutions will only have 
significant influence on the results when the amplitude A/ h is very 
large. Our analysis below is restricted as A/h ≤ 0.4 Thus, using the 
first-order approximation here is reasonable. Besides, it should be 
noticed that the initial position of the peak of the solitary wave is located 
at x = 0 in the above equations. Once it is located at x = xp, the x in Eqs. 
(39) and (40) should be replaced as x − xp. From Eq. (39) ~ (41), we can 
know that once the solitary wave and uniform current coexist in a steady 
state, only the wave speed will be affected by the uniform current. The 
expressions of φ and η are in a same form as those of the cases without 
the current. 

2.3. Evaluation of hydrodynamic forces 

Once the velocity potential has been obtained through solving Eq. 
(7), (10–14), the pressure in the fluid can be determined by Bernoulli 
equation 

p= − ρ
(

∂φ
∂t

+U
∂φ
∂x

+
1
2
|∇φ|2 + gy

)

(42)  

where ρ is the fluid density. The hydrodynamic force acting on the body 
can be expressed as 

Fj =

∫∫

Sb

pnjds (43)  

where (n1,n2,n3) = (nx,ny,ynx − xny), j = 1,2 corresponding to the force 
(Fx, Fy) and j = 3 to the moment Mz. In Eq. (43), the computation of the 

integration of ∂φ/∂t may be a problem and the direct differencing of φ 
with time may cause the force history to be unsmooth. To overcome this 
difficulty, we extend the method developed by Wu (1998), which is used 
in cases without current to the present study on wave-current-body 
interactions. 

In the fluid domain, the time derivative φt satisfies the Laplace 
equation 

∇2φt = 0 (44) 

On the fixed boundary it satisfies 

∂φt

∂n
= 0 (45) 

On the free surface φt is given by the Bernoulli equation as 

φt = − gy −
1
2
∇φ∇φ − U

∂φ
∂x

(46)  

where r→ is the position vector of any point on the cylinder surface to the 
rotated centre. Eq. (44) ~ (46) can be easily solved to obtain ∂φ/∂t. 

3. Finite element discretization and numerical procedures 

In the present simulations, we employed a finite element method 
with 8-node quadrilateral isoparametric element to calculate the ve
locity potential at each time step. Detailed finite element discretization 
can be found in Wang et al. (2011). The fourth-order Runge-Kutta 
method is adopted for updating the wave elevation and the potential on 
the free surface (Wang and Khoo, 2005; Wang et al., 2011, 2013). A 
B-spline method is used for remeshing and an energy method is for 
smoothing the free surface (Wang and Wu, 2006). A damping zone is 
placed at each end of the fluid domain to minimize the reflected wave. 
All these numerical techniques were also employed for simulating wave 
resonance by the oscillation of two cylinders in a steady current in 
Huang et al. (2022). 

The velocity potential has been found through solving Eqs. (7), (10)– 
(14) based on the finite element method, the velocity on the free surface 
and cylinder surface can be obtained through differentiating the shape 
functions directly. The simulation is conducted in time domain by 
updating the velocity potential and wave elevation through Eqs. (12) 
and (13). The hydrodynamic force on the cylinder surface can also be 
obtained through Eq. (43). 

4. Numerical results 

4.1. Solitary waves propagate over an underwater and bottom-mounted 
cylinder 

We first consider interactions between solitary waves and a bottom- 
mounted rectangular cylinder (see Fig. 1a). The calm water depth is h =
1m. The cylinder has height d = 0.6h and breadth b = 40h, and its central 
line is at x = 0. The case without current has been studied by Lin (2004) 
based on the viscous flow theory. In our simulations, the length of the 
computational domain is L = 216h. The solitary wave amplitude is first 
chosen as A = 0.1h and its peak is initially located at xp = − 50h. The 
nondimensional time is defined as τ = t/

̅̅̅̅̅̅̅̅
h/g

√
. However, the situation 

becomes more complicated when there is a current because there are 
interactions between wave and current and also between current and 
cylinder besides wave-cylinder interaction. 

Fig. 2 shows convergence tests for mesh and time interval. The test of 
waves is at x = -21h or x/h = -21with three current speeds U = − 0.3, 0 & 
0.3 m/s. Four meshes and two-time intervals are used to test the nu
merical convergence. The details are given in Table 1, in which nf is the 
segment number along the free surface, nd and nh are the segments along 
the vertical faces of the cylinder and that along the artificial boundaries 
Sc, respectively, ne and nn are the total number of elements and nodes in 
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the whole fluid domain respectively. The results for Cases 1 to 4 are 
given in Fig. 2. It can be seen that Case 2 are in very good agreement 
over the entire simulational time of τ = 200 with Cases 3 and 4. The Case 
1 with the coarse mesh, however, shows a clear difference at around τ =

150 for U = − 0.3 m/s (see Fig. 2a) and during τ = 150 and 200 for U =
0 (see Fig. 2b) with Cases 2, 3 and 4. Thus, these tests show that Case 2 
can provide convergent results. 

The wave profiles atτ = 10, 40, 70 & 100 with U = − 0.3, 0, & 0.3 m/s 
are given in Fig. 3. The waves atτ = 10 is given in Fig. 3a and it is seen 
that they have no clear difference since the time is short. However, with 
the development of time, it becomes clear atτ = 40 in Fig. 3b. It can be 
seen from the figure that the wave surface outside cylinder within two 
regions of − 55<x/h  < − 20 and 20<x/h < 55 rises or sinks at U = 0.3 & 
U = − 0.3 m/s, and they then expand to the ranges of − 80<x/h  < − 20 
and 20<x/h < 80 atτ = 70 (see Fig. 3c) and to even wider range at τ =
100 (see Fig. 3d). The wave surface elevates on the left region of the 
cylinder and sinks on the right region at U = 0.3 m/s but it is opposite at 
U = − 0.3 m/s, and this is because of the Doppler effect: the propagation 
of reflected wave within the left region is opposite to the current di
rection when U > 0 and hence make the peak larger; On the contrary, the 
wave within the right region propagate to the positive x-direction, 
which is identical to the direction of current at U = 0.3 m/s and hence 
cause a smaller peak. A similar explanation can be made for U = − 0.3 
m/s. Furthermore, the wave peak has been affected by the current. Atτ 
= 10, the peak at U = 0.3 m/s is almost identical to those at U = 0 & 
− 0.3 m/s, and it then becomes larger than that at U = 0 whenτ = 40. In 
contrast to this, the peak at U = − 0.3 m/s is smaller than that at U = 0. 
This is because of interactions between wave-current and the cylinder 
after the wave peaks pass over above the front of the cylinder. Atτ = 70 
(see Fig. 3c), the wave at U = 0.3 m/s propagates faster and pass over the 
whole cylinder and hence its peaks becomes the smallest and that at U =

0, which is around above the second half of the cylinder, becomes the 
second smallest. In addition, a series of waves followed the main peak 
are generated and gradually evolve periodic waves when the waves have 
passed over the whole cylinder especially for U = 0.3 m/s since it 
propagates faster than those at U = − 0.3 & 0 m/s whenτ = 100 (see 
Fig. 3d). 

Fig. 4 shows wave histories at x/h = − 29, 19 & 49 corresponding to 
Fig. 3. As discussed by Lin (2004) about wave reflection and trans
mission without current effect or U = 0 m/s, there are two reflected 
waves in front of the cylinder, e.g. x/h = − 29 due to interactions be
tween the waves and the front and rear of the cylinder. When the wave 
propagates to some location above the cylinder and near its rear (x/h =
19), the wave split into a number of solitons with decaying amplitude, 
and it then evolves into a soliton followed by a packet of small surface 

Fig. 2. Comparisons of waves at x/h = − 21 between different meshes and time 
intervals at (a) U = − 0.3 m/s; (b) U = 0; (c) U = 0.3 m/s. 

Table 1 
Parameters of mesh schemes.   

nf nd nh ne nn dτ 

Case 1 780 4 7 4580 15323 0.02 
Case 2 1260 4 9 9900 32247 0.02 
Case 3 1890 6 13 21330 67809 0.01 
Case 4 2520 8 17 37080 116331 0.01  

Fig. 3. (a) Wave profiles at (a)τ = 10; (b)τ = 40; (c)τ = 70 (d)τ = 100 at A/h 
= 0.1. 

Fig. 4. Wave histories at d/h = 0.6 (a) x/h = − 29; (b) x/h = 19; (c) x/h = 49.  
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waves after they pass over the whole cylinder (x/h = 49). All these can 
be seen in Fig. 4 and it shows a consistent result with the cases in Lin 
(2004). Similarity can be found in the cases of current at U = − 0.3 & 0.3 
m/s. However, the difference is clear between U = 0 m/s and U∕=0 m/s. 
At x/h = − 29, one main peak at around τ = 20 followed by one sec
ondary peak at around τ = 38 can be observed (see Fig. 4a) at each 
speed, and they become larger as the increase of the current speed. On 
reason is that the wave is acted by the front of the cylinder and cause 
wave reflection and hence the second peaks appear at around τ = 38, 
which has been explained by Lin (2004); The other is due to the Doppler 
effect of interactions between the reflected wave and the current, which 
cause both main and secondary peaks to increase as the increase of the 
current speed. It is also noticed that the secondary peak at U = − 0.3 m/s 
is much smaller that those at U = 0 & 0.3 m/s and its peak value is nearly 
equal to zero. In the case of the current at U = 0.3 m/s, the wave is 
elevated until τ = 115 by the current and nearly keep a constant at η/
A = 0.38 between τ = 42 and 84 and then gradually goes down. By 
contrast, the wave has a trough at around η/A = − 0.33 between τ = 53 
and 71 at U = − 0.3 m/s and it is then slowly ascended until τ = 140. 

Fig. 4b shows the wave at x/h = 19, which is above the cylinder and 
is close to the rear corner of the cylinder. As discussed in the last 
paragraph, a series of solitons with decaying amplitude has already been 
generated at each speed and the main peak at U = 0.3 m/s becomes the 
smallest due to current effect. When the wave continues to propagate to 
the right direction to the location x/h = 49 shown in Fig. 4c, the solitons 
mentioned above, degenerate into a wave with soliton shape and a 
packet of small surface waves. Furthermore, it is also seen that the waves 
generally become larger at U = − 0.3 m/s than those at U = 0. On the 
contrary, the waves at U = 0.3 m/s shows an opposite variation to that at 
U = − 0.3 m/s and the solitons disappear more quickly. This is because of 
the Doppler effect of interaction between a wave and a current: the 
transmitted waves, which pass over the whole cylinder, propagate along 
the positive x-axis and it is identical to the current direction when U >
0 and hence make the peak smaller and the situation is opposite to this 
when U < 0. 

The snap shots of wave profile from τ = 0 to 100 with time interval 
Δτ = 1 are given in Fig. 5, which exhibits wave evolution in space during 
a long period of time. It is shown from Fig. 5b that two reflected waves 
can be clearly seen when the solitary wave arrived at the front (x/h =
− 20) and real (x/h = 20) of the cylinder at U = 0 m/s, which has also 
been observed by Lin (2004). When the current exists, the first reflected 
wave by the front of cylinder (x/h = − 20) can also be observed at U =
− 0.3 m/s (Fig. 5a) and U = 0.3 m/s (Fig. 5c), the difference is that the 
latter is much clearer than the former and this can also be seen in Fig. 3. 
The second wave reflected by the rear of the cylinder (x/h = 20) at U =
− 0.3 m/s is almost graphically unseen and this is because this wave 
become smaller when it is acted by the adverse current. However, it 
becomes significant at current speed U = 0.3 m/s, which is oppose to the 
reflected wave, and it is even clear than that at U = 0. Meanwhile, a 
series of waves including a soliton followed by surface waves at the three 
speeds propagate toward the x-direction after they pass over the rear 
corner of the cylinder can be seen in the figure. In addition, the wave’s 
sink and rise can also be observed within the left region of the cylinder at 
U = − 0.3 & 0.3 m/s, respectively. 

In order to exhibit the wave nonlinearity, three incident wave am
plitudes A/h = 0.1,0.2 & 0.4 are used for calculating the waves at x/h =
− 21 and 19, which are close to the front and rear of the cylinder, 
respectively. The results are given in Figs. 6 and 7. It can be seen that the 
difference between the three nondimensional waves are evident at each 
current speed and location, which indicates the wave nonlinearity is 
clear. At x/h = − 21, the nondimensional wave peak increases as the 
increase of A/h for U = − 0.3 m/s. It then gradually reduces as A/h in
creases when the current speed is augmented to U = 0 & 0.3 m/s and the 
trend of descent for latter is more evident. When the waves arrive at x/h 
= 19 (see Fig. 7), the situation becomes very different due to sufficient 
interactions between the wave-current and the cylinder. The wave with 

single peak has already split into a soliton and a packet of surface waves 
with gradually decreasing amplitude one by one at each current speed. 
The nondimensional main peak definitely declines as the increase of A/h 
at each speed, which is even clearer than those at x/h = − 21 in Fig. 6. 

Fig. 8 give a comparison similar to Fig. 4 except that the initial 
draught is d/h = 0.3. We compared the waves at x/h = − 29 (see Fig. 8a) 
with those at d/h = 0.6 in Fig. 4a. It can be seen that the difference 
between three peaks at U = − 0.3, 0 & 0.3 m/s is smaller than that in 
Fig. 4a. The three peaks become smaller when the waves arrive at x/h =
19 (see Fig. 8b) at every speeds. Furthermore, the secondary peaks fol
lowed the main peak are much smaller at x/h = − 29 and 19 (see Fig. 8a 
& b) than those at d/h = 0.6. At x/h = 49, the wave evolves into a soliton 
followed by a packet of travelling waves is not as evident as that at d/h 
= 0.6 (see Figs. 8c and 4c). In summary, the current effect on the wave is 
relative weak and it is because the cylinder d/h = 0.3 is far away from 
the free surface that that at d/h = 0.6 and hence it causes weaker 
interaction between the wave-current and the cylinder. 

Fig. 9 give another comparison similar to Fig. 4 except that the cyl
inder breadth is b/h = 2. Compared with Fig. 4, the magnitudes of three 

Fig. 5. Snap shots of wave profile from τ = 0 to 100 with time interval Δτ = 1 
and A/h = 0.1. 
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wave peaks at three locations and U = − 0.3, 0 & 0.3 m/s have slight 
difference and not as clear as those at b/h = 40. This is because it takes 
longer times when the wave passes over the cylinder at b/h = 40, which 
causes a more sufficient wave-current-body interaction. 

4.2. Interactions between a solitary wave and a rectangular cylinder in a 
current 

Sun et al. (2015) simulated interactions between a solitary wave and 
a rectangular cylinder without current effect. In this section, we extend 
the work of Sun et al. (2015) to the situation with a steady current, 
which is related to interactions of a solitary wave with a ship advancing 

in offshore area. It should be noted that the present numerical method is 
already verified by comparing with the results without the current in 
Sun et al. (2015) by setting U = 0 here. We consider a cylinder with 
breadth b = h and initial draught d = 0.5h and its central line is located 
at x = 0 (see Fig. 1b). The length of fluid domain on the left and right 
sides is Lleft = Lright = 120h and the initial wave peak is at xp = -Lleft/2. In 
the simulation, h = 1m. We calculate waves and hydrodynamic forces on 
the cylinder. To enable the interactions between the cylinder and cur
rent to develop smoothly, a modulation function M(t) is applied to let 
the current gradually increase 

U
′

0 =M(t)U0  

where 

Fig. 6. Wave histories at x/h = − 21; (a) U = − 0.3 m/s; (b) U = 0; (c) U = 0.3 
m/s. 

Fig. 7. Wave histories at x/h = 19; (a) U = − 0.3 m/s; (b) U = 0; (c) U = 0.3 
m/s. 

Fig. 8. Wave histories at d/h = 0.3; (a) x/h = − 29; (b) x/h = 19; (c) x/h = 49.  

Fig. 9. Wave histories at d/h = 0.6 and b/h = 2; (a) x/h = − 29; (b) x/h = 19; 
(c) x/h = 49. 
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M(t) =

⎧
⎨

⎩

1
2

[
1 − cos

(πt
T

)]
t < T

1 t ≥ T 

and T is period of time. Fig. 10 shows the wave histories at the left 
side of the cylinder with current-cylinder interactions only at Fn = 0.04, 
0.08 & 0.16. Each wave changes quickly in the beginning and finally 
reaches to a constant. We chose T as 4.79 (sec), which corresponds to the 
nondimensional timeτ = 15, at which each wave has already been stable. 

Fig. 11 shows the wave histories at the left and right sides of the 
cylinder at A/h = 0.09 and five different Froude numbers Fn = − 0.16, 
− 0.08, 0, 0.08 & 0.16 are used, where Fn is the Froude number and it is 
defined as Fn = U/

̅̅̅̅̅
gb

√
. It can be seen that the main peaks of the solitary 

waves at both left and right sides increase as the increase of Fn and the 
former is clearer, which is similar to a periodic wave diffraction by the 
cylinder. The wave shape around the peak is sharper at larger Fn and 
hence has stronger nonlinearity. It is also interesting to see that the 
waves at the left and right sides finally evolves into a steady periodic 
wave with large constant peaks and troughs at Fn = 0.16 and − 0.16, 
respectively, and the peak of the periodic wave is even larger than that 
of the solitary wave. However, no clear periodic wave appears at Fn =

− 0.08, 0 & 0.08. 
Fig. 12 shows wave histories at a large amplitude A/h = 0.36. Similar 

to that at A/h = 0.09, the main peak at each side also increases as Fn 
increase but those at the left side are even clearer than those at A/h =
0.09 and hence has even stronger nonlinearity at larger Fn. At Fn = 0.16 
and − 0.16, the waves at left and right sides also become stable with 
constant peak and trough after a shorter period of time than that at A/h 
= 0.09. All these exhibit that the solitary wave has stronger nonlinearity 
at larger Froude numbers and also indicate that a clearly periodic wave 
can more easily appear at large absolute value of Froude number |Fn|. 

We give further comparisons of waves at both sides with three 
incident wave amplitudes A/h = 0.09, 0.18 & 0.36 and three Froude 
numbers Fn = − 0.16, 0 & 0.16 are used. The result is shown in Fig. 13. 
The case without current or Fn = 0 has been analyzed by Sun et al. 
(2015) and they found that the nondimensional peak and trough of the 
solitary wave at the left side increase as the increase of incident wave 
amplitude. As expected, they also increase as the amplitude increases at 
Fn = − 0.16 & 0.16. The peaks at the left side increases 28.1%, 14.6% & 
18.1% from A/h = 0.09 to 0.18 at Fn = − 0.16, 0 & 0.16, respectively, 
and they are 40.3%, 37.1% & 44.0%, respectively from A/h = 0.09 to 
0.36. The discrepancy between the three amplitudes becomes larger at 
larger Froude numbers, which indicates sharper peaks or troughs at 
larger amplitudes and hence exhibit stronger nonlinearity. The nondi
mensional peak of the solitary wave at the right side, however, shows a 
reverse variation with the incident wave amplitude at each Froude 
number, and it can also be seen that the peak values have no evident 
difference between the three Froude numbers. Furthermore, it has 

already been noticed In Figs. 11a and 12a that the left wave at Fn = 0.16 
and the right wave at Fn = − 0.16 finally evolve into periodic waves with 
larger constant peak and trough. Actually, the left wave at Fn = − 0.16 
(Fig. 13a) and the right wave at Fn = 0.16 (Fig. 13f) also trend to become 
periodic and stable but with much smaller peaks and troughs at all 
incident wave amplitudes. Fig. 13b & e gives comparisons of right wave 
at Fn = − 0.16 and the left at Fn = 0.16 to show the variation from A/h =
0.09 to 0.18 and to 0.36. It is clearly seen that the nondimensional peaks 
of periodic waves at both sides decline as the increase of incident wave 
amplitude. 

The corresponding hydrodynamic force excluding the initial buoy
ancy are shown in Fig. 14, in which Fx and Fy expresses the force com
ponents in the horizontal and vertical directions, respectively. It can be 
seen that the variations of the force peaks in the horizontal and vertical 
directions with the amplitude at each Froude number are similar to the 
wave at the left and right sides, respectively. The forces in both di
rections also become periodic and stable at |Fn| = 0.16 after a period of Fig. 10. Waves at the left side of cylinder due to current.  

Fig. 11. Histories of waves at A/h = 0.09; (a) left side; (b) right side.  

Fig. 12. Histories of waves at A/h = 0.36; (a) left side; (b) right side.  
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time (see Fig. 14a, b, e & f). Furthermore, the force components in both 
horizontal and vertical directions also finally beocme periodic after a 
period of time. It is noticed the part of the vertical force component after 
the peaks at |Fn| = 0.16 (see Fig. 14b and f) move to the negative y-di
rection as the decrease of the amplitude. The main reason is that the 

current causes a negative force in the vertical direction and the vertical 
force is dominated by the current at smaller amplitudes but by the wave 
at larger amplitudes. 

The wave profiles atτ = 40 and 60 are given in Fig. 15. As mentioned 
in Sun et al. (2015), there are wave transmission and reflection when a 

Fig. 13. Histories of waves at both sides of cylinder 1; (a), (c) & (e) left side; (b), (d) & (f) right side.  

Fig. 14. Histories of hydrodynamic forces on the cylinder.  
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solitary wave acted a cylinder on free surface. The transmitted wave can 
keep its shape but with a smaller peak, and the reflected wave is a 
travelling wave with decaying peaks and troughs one by one. We now 
consider the effect of the current on the transmitted and reflected waves. 
Three current speeds at Fn = − 0.16, 0 & 0.16 are used in the simulation 
and the incident wave amplitude is A/h = 0.18. It is seen from Fig. 15 
that the peaks of the transmitted waves have vey little difference at Fn =

− 0.16, 0 & 0.16 for bothτ = 40 and 60, and their peaks are clearly 
smaller than the incident wave amplitude. The reflected waves, how
ever, obviously increase in all peaks and troughs as the Froude number 
increases. Atτ = 40, the first peak at Fn = − 0.16 is 28.1% smaller than 
that at Fn = 0 but it is 36.9% larger at Fn = 0.16 than that at Fn = 0. For 
the troughs, they are 27.4% and 32.4%, respectively. This is because of 
the Doppler effect, which is similar to that in the underwater and 
bottom-mounted cylinder case mentioned above. 

Fig. 16 shows the wave run-ups denoted by R at the left and right 
sides as functions of the Froude number. It can be seen that the nondi
mensional wave run-up at the left side nearly linearly increases with the 

increase of Fn at every A/h. The run-ups at the right side, however, are 
less affected by the current and all of them are smaller than those at the 
left, which is consistent with the results mentioned above. 

The peaks and troughs of the hydrodynamic force corresponding to 
Fig. 16 are plotted in Fig. 17, in which max and min denote the force 
peak and trough, respectively, and hereinafter for other figures. It is seen 
that the force peaks and troughs in the x-direction also nearly linearly 
increase as Fn increases at every A/h and they also enhance when A/h 
becomes larger at every Fn. The vertical forces show more complicate 
variations. The peak generally decreases as Fn increases at each A/h. It 
becomes smaller as A/h increases at smaller Fn and its change is opposite 
in larger Fn. The trough decreases as Fn increases at smaller Fn and then 
show a trend of increase at larger Fn. Based on the potential flow theory, 
there is no hydrodynamic force in the horizontal direction but a negative 
force exists in the vertical if a current only acts on a symmetric body in 
calm water surface. Thus, the current has smaller effect on the composite 
horizontal force acted by both wave and current. However, its effect is 
more important on the vertical force and hence may cause relatively 
complicate variation with the change of the Froude number. 

Fig. 18 shows wave profiles from τ = 0 to τ = 80 with time interval Δ 
τ = 1 at A/h = 0.36, which exhibits the process of wave evolvement in 
space over a long period of time. The development of transmitted and 
reflected waves with time can be clearly seen. In particular, the reflected 
waves within the left region of the cylinder become more evident as the 
increase of Fn. 

4.3. Interactions between a solitary wave and twin rectangular cylinders 
in a current 

Following the work of Sun et al. (2015), we further study interactions 
between solitary waves and a twin-cylinder but with considering the 
existence of a steady current. The dimension of each cylinder is identical 
to the single cylinder mentioned-above. The spacing between central 
lines of both cylinders is denoted as lc, and the centerlines of cylinders 
are located at x = 0 and lc, respectively. Fig. 19 gives wave run-ups at 
lc/b = 4 with three incident wave amplitudes A/h = 0.09, 0.18 & 0.36. 
Compared with the single cylinder cases in Fig. 16a, it seems that the 
run-ups for the left cylinder (cylinder 1) are slightly affected by the 
existence of the right cylinder (cylinder 2). The run-ups for cylinder 2 
are relatively smaller than those for cylinder 1. Just like the situation in 
the single isolated cylinder cases given in Fig. 16, the run-ups of the 
solitary waves gradually increase and decrease as Fn increases at the left 

Fig. 15. Wave profiles at (a) τ = 40; (b) τ = 60.  

Fig. 16. Wave run-ups versus the Froude number; (a) left side; (b) right side.  
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and right sides of both cylinders, respectively, at every A/h, but they 
have little change at the right sides of both cylinders. A difference with 
the single isolated cylinder case is that the wave peaks at the left side of 
cylinder 2 decline as the increase of A/h at every Fn (see Fig. 13c), which 
is similar to that at the right side of each cylinder. 

Fig. 20 shows the results of wave histories and only cylinder 1 is 
given because the wave peaks around it are larger. Compared with the 
single cylinder cases in Fig. 13, the wave interference is clearly seen. At 
the left side, the waves are a little affected by the interference. However, 
the main peaks of solitary waves and the peaks and troughs of the 

periodic waves seem to not be nearly identical to those in the single 
isolated cylinder cases through comparing Fig. 20a, c &e and Fig. 13a,c 
&e; at the right side (see Fig. 20b,d &f), they are very different from 
those in Fig. 13b, d & f due to the interference by the right cylinder. 

Figs. 21 and 22 show the maximum and minimum hydrodynamic 
forces on both cylinders versus the Froude number. The horizontal 
components on both cylinders always increase as Fn and A/h, and the 
difference between them is that it is much clearer for cylinder 1. The 
situation of vertical components is similar to that in the single cylinder 
cases. 

Fig. 23 shows that the wave run-up versus the spacing lc/b at A/h =
0.18. It is seen that the wave peaks at different lc/b are generally larger at 
larger Fn except those at the right of cylinder 2. At smaller lc/b, The wave 
peak at each Froude number grow up or down more quickly as the 
change of lc/b especially for those at the right side of cylinder 1 and left 
side of cylinder 2 (see Fig. 23b and c), which means smaller spacing has 
more influence on the waves peaks at every Fn; With lc/b continuing to 
increase, they almost reach constants at every Fn. It is also noticed that 
the waves at the right side have very little difference at larger lc/b for 
cylinder 1 and all lc/b for cylinder 2. 

Fig. 24 shows the hydrodynamic forces corresponding to Fig. 23. 
Similar to the wave runups in Fig. 23, the effect of the spacing on the 
forces is also clear within smaller lc/b. The maximum and minimum 
values of horizontal force generally increase as lc/b in the beginning and 
finally reach a constant at each Fn, and they become larger at larger Fn 
within all lc/b. The maximum of vertical force also become a constant at 
each Fn when lc/b is large enough. However, it is decreases as Fn in
creases at every lc/b. 

5. Conclusions 

A higher order finite element method with a mesh of 8-node quad
rilateral isoperimetric elements has been utilized to analyze the fully 
nonlinear interactions between solitary waves and structures in a steady 
current. The velocity potential at each time step is obtained through 
solving linear equation system based on an iteration method. The fourth 

Fig. 17. Force peak and trough versus Froude number.  

Fig. 18. Snap shots of wave profiles from τ = 0 to τ = 80 with time interval Δ 
τ = 1 at A/h = 0.36; (a) Fn = − 0.16; (b) Fn = 0; (c) Fn = 0.16. 
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order Runge-Kutta method is used to update the wave elevation and 
potential on the free surface at each time step. The radiation condition is 
imposed through placing a damping zone at one or both ends of the tank. 
The conclusion of this study is summarized as below: 

Solitary wave propagation over an underwater rectangular cylinder 
in a current has been simulated. It is found that the following current 
cause the wave level in the upstream zone or the left range of the 

cylinder to elevate and that in the downstream zone or the right range to 
sink, and it is just the opposite for the adverse current. Furthermore, the 
effect of current on wave reflection and transmission has been investi
gated. Both the first reflection by the front of cylinder and the second 
reflection by its rear are more serious in the case of the following cur
rent, which causes the main peak and the travelling wave peaks to in
crease; the peak of transmitted wave is, however, less affected by the 

Fig. 19. Wave run-ups at the (a) left side of cylinder 1; (b) right side of cylinder 1; (c) left side of cylinder 2; (d) right side of cylinder 2.  

Fig. 20. Histories of waves at both sides of cylinder 1; (a), (c) & (e) left side; (b), (d) & (f) right side.  
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current but with faster propagation as the increase of current speed. In 
addition, the effect of cylinder breadth and height on waves and forces at 
different speeds has also been investigated. The simulations show that 
they can affect the wave diffraction and transmission and cause the 
maximum of waves and forces to increase or decrease clearly and 
regularly. 

Further simulations of solitary wave interactions with a single rect
angular cylinder on free surface in a steady current have been made. The 
features of wave diffraction and transmission have been studied. It is 
found that a packet of periodic waves follows a soliton at each side of the 

cylinder and the periodic waves become clearly stable with constant 
peak and trough when the absolute value of the Froude number become 
large enough. Also, the peak of the periodic wave at the upstream side is 
much larger than that at the downstream. The nondimensional peaks of 
the soliton and the periodic waves due to the wave diffraction increase 
with the increase of the incident wave amplitude and Froude number or 
current speed; the transmitted wave peak is, however, a little affected by 
the Froude number. The peak and trough of the horizontal component of 
force generally increase as the Froude number increases at each incident 
wave amplitude but the vertical is not necessary. 

Fig. 21. Maximum and minimum forces on cylinder 1 versus Froude number.  

Fig. 22. Maximum and minimum forces on cylinder 2 versus Froude number.  
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Solitary waves interacting with a twin-cylinder has also been made. 
The effect due to current, incident wave amplitude and cylinder spacing 
on the wave and force is discussed in detail, and it is shown that the 
interference is more serious in larger currents, lager incident wave 
amplitudes and in smaller spacing. 

In all the cases mentioned above, the nonlinearity at different inci
dent wave amplitudes has also been studied. The numerical simulation 
exhibits the nonlinear features of wave and the hydrodynamic force at 

different current speeds and it is found that it is clear. 
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