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ABSTRACT

The problem of wave interaction with multiple elastic plates floating near a sloping beach is considered, particularly resembling the case of a
floating solar farm near a coast. The linearized shallow water theory is adopted to describe the motion of fluid. The Kirchhoff-Love plate
theory is used to model the elastic plates. A highly efficient domain decomposition approach is applied to derive the solution. Particularly,
the eigenfunction expansions are employed to establish the velocity potential in free surface fluid domains, while the Green function method
is used to construct the velocity potential of the fluid domain covered by floating elastic plates. This approach can significantly reduce the
number of unknowns in the velocity potential, especially when a large number of plates are involved. Extensive results and discussions are
provided for the wave run-up on the beach, maximum deflection, and principal strain on the elastic plates. In particular, based on a wide
space approximated solution, the oscillatory behaviour of the wave run-up vs the incident wavenumber is analysed, along with the corre-
sponding physical mechanisms. Furthermore, apart from the frequency-domain results, time-domain analyses are also conducted based on a
Fourier transform approach. Two different types of incident impulses are considered to interact with floating elastic plates near a beach,
namely a Gaussian wave packet and a storm-type incident wave.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0257242

I. INTRODUCTION

Meeting the world’s clean energy goals requires a significant
expansion of photovoltaic solar panels, with a focus on deploying float-
ing photovoltaic (FPV) systems in seas in an environment-friendly
way.1 However, due to the uncertainties in the environmental loads in
oceans, the designed FPV systems should have strong abilities to resist

For FPVs, solar panels are installed on floaters that can extend for
kilometres, creating an expansive floating solar farm (FSF). In this con-
text, the elasticity of the floating structure is crucial and should be con-
sidered when investigating its interaction with ocean waves. One
approach to model such types of problems involve using the elastic
thin plate theory for the floating structures, while the linearized veloc-
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wave-induced loads and motions.” Currently, FPVs are mostly
deployed in coastal regions, where they can be applied to generate
power for existing marine infrastructures, e.g., harbours and offshore
fish farms. However, in coastal regions, water waves can be further
reflected by the beach, and produce complex interactions with the
floating structures. For the safe operation of FPV systems in seas, it is
important to understand the physical mechanism behind such interac-
tions, as well as the potential risks due to wave loads and wave-
induced motions on the structures.

ity potential is employed for the fluid. The approach has been applied
to a series of other types of elastic floating structures, e.g., floating ice
sheets in polar and other icy water regions. In particular, Fox and
Squire” investigated the problem of wave transmission and reflection
by a semi-infinite ice sheet based on the method of matched eigenfunc-
tion expansion (MEE), where the ice sheet was modelled by the
Kirchhoff-Love plate theory, and its edge was assumed to be free to
move. The same problem was also considered later by Tkacheva® using
the Wiener-Hopf technique. Meylan and Squire’ considered water
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wave interaction with a single and double floating ice sheet of finite
sizes. In their work, the velocity potential was constructed by employ-
ing the Green function and the boundary integral equation. Evans and
Porter” studied the problem of hydroelastic waves propagating in an
infinite ice sheet with a narrow crack, two different procedures one by
MEE and another by Green function were proposed in their work.
Later, the solution procedure was extended to an finite ice sheet with
multiple narrow cracks in Porter and Evans.” Williams and Squire®
solved the problem of wave scattering by three interconnected ice
sheets with different physical properties. More recently, Barman, et al.”
investigated a similar problem to Evans and Porter,” while an addi-
tional factor that the internal compression stress within the ice sheet
was considered. Additional research efforts on wave and ice sheet
interactions can be found in the review paper.'’ The literature we dis-
cuss is all for the two-dimensional problem, and the extensive litera-
ture on the three-dimensional problem can be found in the review
paper mentioned above.

In addition to simulating the problems of floating ice sheets, the
elastic thin plate model is also applied to study the hydrodynamic per-
formance of Very Large Floating Structures (VLESs). A key distinction
between VLFSs and ice sheets is that VLESs often involve multiple and
various types of physical constraints, e.g., structural hinges, mooring
lines, etc. Particularly, Karmakar, et al.'" studied wave interaction with
multiple articulated floating elastic plates covering the entire water sur-
face, based on the method of MEE. Later, Karmakar and Soares'”
investigated the problem of surface wave scattering by a floating elastic
plate moored to the seabed. In their work, the mooring lines were
located at two side edges of the plate, and modelled as two vertical
springs. Singla, et al."” studied the hydroelastic responses of an elastic
plate in waves, floating near a porous plate. Their work evaluated how
the porous plate mitigates the wave-induced structural response on the
floating elastic plate. Later, Praveen, et al."* investigated water waves
interaction with an array of multiple articulated floating elastic plates
using the approach of MEE. In their work, the elastic plates were mod-
elled by the Timoshenko-Mindlin thick plate theory to account for the
shear deformation and rotational bending effects. Recently, Yang,
etal."” considered a similar problem and further extended it to treat an
arbitrary number and types of physical constraints in floating elastic
plates. In the work, instead of using MEE, the velocity potential of the
fluid beneath the elastic plates was established by using a boundary
integral equation and the Green function for fluid fully covered by an
elastic plate.

The studies discussed above focus on the hydroelastic interac-
tion between surface waves and floating elastic plate structures in an
unbounded ocean with a flat seabed. However, variable bathymetry is
common in real ocean environments, which requires consideration of
the effects of an uneven seabed on wave-body interactions. A series
of work have been conducted to address this issue. Typically, Wang
and Meylan'® investigated the wave response of a two-dimensional
elastic thin plate floating on water of variable depth. In their work,
the boundary value problem (BVP) was solved using a hybrid
approach, where the entire fluid domain was divided into three sub-
domains: two semi-infinite fluid regions with constant water depths
located before and after the floating plate, and a finite domain con-
taining both the plate and the variable-depth seabed. In two semi-
infinite domains, the method of MEE was employed to establish the
velocity potential, while in the finite domain, a boundary integral
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equation was applied to solve the problem numerically. Belibassakis
and Athanassoulis'” considered water wave transmission and reflec-
tion by a large body floating in a variable bathymetry region. In their
work, the BVP was converted into an equivalent variational equation.
Subsequently, a modified MEE method based on that of the constant
water-depth problem is proposed to approximate this solution. Later,
the procedure was also applied to many other works in variable
bathymetry.'®'? Porter and Newman”’ investigated the problem of
regular surface wave diffraction by a vertical circular cylinder stand-
ing in an annular region of variable bathymetry, where the mild-
slope approximation was used to derive the analytical solution, and it
was verified by comparing with that obtained by using the WAMIT
solver. Later, Feng, et al.”' investigated the problem of wave radiation
and diffraction by a two-dimensional body floating near a sloping
beach. In their work, the boundary element method (BEM) with
Ranking sources was applied to derive the solution. Liu et al.” stud-
ied a similar problem as in Belibassakis and Athanassoulis,’”” and
employed a hybrid approach, where the floating elastic structures
were discretized as a series of modules connected by elastic beams,
and then the approach of MEE and BEM were employed to solve the
problem numerically. Apart from the scenarios with continuously
varying bathymetry, as discussed above, there are also some cases in
nature with abrupt changes in water depth. In particular, Kar et al.”’
investigated the Bragg resonance due to long waves scattered by an
array of floating flexible plates in an ocean environment with multiple
submerged trenches. In their work, the linearized shallow water equa-
tions, together with the approach of MEE was employed to solve the
problem. Similarly, through using the method of MEE, Zhang et al.”*
studied the wave resonant response of multiple elastic plates floating
in a fluid domain with a sudden change of water depth.

In the present work, we consider a FSF floating near a sloping
beach to understand its interaction with water waves in coastal regions.
A key feature of the present work is the inclusion of wave reflection
effects from the ocean beach, along with the consideration of interac-
tions between water waves and the FSF in a semi-infinite fluid domain.
On the one hand, the reflected wave here will affect the hydrodynamic
response of the FSF,”**' which makes it quite different from that in
the unbounded fluid region. On the other hand, the presence of the
FSF may also influence the wave conditions in coastal regions, here, by
considering the wave run-up on the beach, we illustrate how the
deployment of FSF impacts the waves near the shore. To study the
problem, the linearized shallow water theory is applied for the fluid,
and the solar panel units are modelled as a series of floating elastic
plates connected by arbitrary types of physical constraints. The solu-
tion here is derived using an efficient domain decomposition method,
which is a further extension of the approach in Yang et al."” to shallow
water environment problems. In particular, the eigenfunction expan-
sion is applied to the velocity potential in the free surface regions with
flat seabed. In the sloping beach region, the general solution is obtained
by applying a variable substitution procedure to the boundary value
problem (BVP). By contrast, for the fluid beneath the FSF, an integral
equation is used to establish the velocity potential, which makes it
highly efficient for modelling floating panels with a large number of
arbitrary types of physical constraints. Here, case studies are conducted
for two different types of internal constraints, namely the rotational
spring hinges and vertical spring conditions. Based on the obtained
results, extensive analysis is made on the wave run-up on the beach
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and structural responses of the FSF. Particularly the effects of the slop-
ing angle, as well as the properties of the floating elastic plates.

The rest of the paper is arranged as follows. The mathematical
modelling of the problem is presented in Sec. II, where the governing
equation and boundary conditions of the BVP are presented. In Sec.
IT1, an exact solution procedure based on the decomposition method is
introduced, and a wide space approximation is further proposed. The
numerical results are discussed in Sec. I'V. Finally, the conclusion is
given in Sec. V.

Il. MATHEMATICAL MODELLING

The problem of long wave interaction with multiple elastic plates
connected by arbitrary types of constraints, and float near a sloping
beach is sketched in Fig. 1. A Cartesian coordinate system O-xz is
defined with the origin located at the intersection of the sloping beach
and the still water surface. The positive x-axis is along the mean water
surface, and the z-axis points upwards. In the horizontal seabed region,
the mean water depth h(x) = ho, and h(x) = xtanf in the sloping
beach region, where f denotes the angle of inclination of the beach. A
system of elastic plates with internal constraints covering the water
surface is located in the horizontal seabed region at x, < x < x3, with
Xy > x1 = hycotf. Here, all the elastic plates are assumed to be homo-
geneous and have identical physical properties. We consider two types
of internal constraints, as summarised in Table I. In particular, two
adjacent plates are connected by rotational spring hinges at x = g;
(i=1~N,) with x, < a; < a;y; < x3, as well as vertical springs are
imposed at x =b; (i =1 ~ N;) with x, < b; < b1 < x3 to model
the mooring constraints between the plates and seabed. An incident
wave comes from x = +o0o and will be scattered by the elastic plates
and reflected by the sloping beach.

The present scenario normally occurs in coastal regions, and the
problem is solved under the assumption of the linear long-wave theory
in shallow water environment.”> According to Dean and Dalrymple,”®
the continuity equation can be written as

OW(x,t) 0 OD(x, 1)
o +a{h(x)

7}:0, 0<x<4o0. (1)
Ox

where ®(x,t) and W(x,t) represent the velocity potential and wave
elevation respectively. We further assume that the motion of the fluid
is sinusoidal in time with frequency . Hence, the velocity potential
and wave elevation can be written as ®(x,?) = Re{¢(x)e!} and
W(x,t) = Re{n(x)e" }, where ¢(x) and 5(x) denote the spatial
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TABLE . Positions of two different types of internal constraints in the floating elastic
plates system.

Edge type Position

Hinged by rotational springs
Supported by vertical springs

X = dy, dy...an,
X = bb bz bNb

ion(x) + % {h(x)%} =0, 0<x<+oo0. (2)

The dynamic boundary condition on the free surface is
i

n(x):—gd)(x), 0<x<x & x3<x<+oo. (3)

where g denotes the acceleration due to gravity. Substituting Eq. (3)
into (2), the governing equation for ¢(x) in the regions with a free sur-
face can be written as

df  dgx)
dx { h(x) dx

w2
}+?</>(x) =0, 0<x<x, & x3<x<+o0.
(4)
The boundary condition on the floating elastic plates gives

)bt

X < x<x;3 (5
where L = %}iﬂ) and m, = p,h, represent the effective flexural
rigidity and mass per unit area of the elastic plates. E, v, p,, and h,
denote the Young’s modulus, Poisson’s ratio, density and thickness of
the plates, respectively. Combining Egs. (2) and (5) to eliminate 1(x),
and notice h(x) = hg at x, < x < x3, we obtain

d°(x) dp(x)  po?

L= oz o P =0

+ (pg - mewz)

At each physical constraint connecting two adjacent plates, edge con-
ditions should be imposed. From Xia et al,”” at the rotational spring
hinged edge, the deflection, bending moment and the shear force of
the plates are continuous, while the jump is on the slope. Notice from

. 2
components of ® and W respectively, and Eq. (1) becomes Eq. (2), in the region of floating elastic plates, n = %ﬂ%’ which leads to
AZ
x=a, x=a, x=a
. - 0]
X =03 X=X, X=X, X A
Incident Wave , x= b:v, o x=b, B=l Ql
h
Q, Q, Q, i
B Y
77 N

FIG. 1. The sketch of an incoming current interaction with multiple elastic plates connected by arbitrary types of constraints floating near a sloping beach.

Phys. Fluids 37, 032103 (2025); doi: 10.1063/5.0257242
© Author(s) 2025

37, 032103-3

2€:.L¥'91 GZ0T Ydoten €0


pubs.aip.org/aip/phf

Physics of Fluids ARTICLE

d2</>(ai + 0_) . dz(/)(ai + 0+)
dx? N dx?
d'gplai+0%) _ d'd(a+07)
dx* dx*
[ ¢lai+07)  dPpa;i+07)
dx3 dx?
d5¢(ai + 0+) - ds(f)(ai + 07)
dx® N dx® ’

i=1~N,, (7a~c)

where 1) denotes the stiffness of the rotational spring at x = a;. At
the position of the vertical spring, the deflection, slope and bending
moment of the plate are continuous, and the jump is on the shear
force, we have

d3¢(bi +07) - d3¢(b, +07)
dx3 N dx3
d*'¢(bi+07)  d*$p(bi+07)
dx* B dx*
I @b +0")  dP(bi+07)
dx? dx®
) dbi+0%)  d*d(bi+07)
=14 dx =9 dx ) (8a~c)

i=1n~N,,

where ) represents the stiffness of the vertical spring at x = b.
At two side edges of the entire elastic plates system, the edge con-
ditions are'”

dipp) _ diba)
dx4 =0 dxt =0 (%2)
FPp() _  Ph(xn) FP(xs)  dP(x3)
L a1 T ae L s 1T ae (95)

where " and ¢' represent the stiffness of vertical springs at x = x, and
x3 respectively. If ¢ = q' = 0, Egs. (9a) and (9b) means zero shear
force and bending moment, which correspond to the free edge condi-
tions. If g" and ¢' are non-zero, Eq. (9b) is used to model the plate sys-
tem connecting to the seabed by two mooring lines with stiffness g
and g' respectively. Furthermore, apart from all the conditions listed
above, the far-field boundary condition should be imposed at
X = +00 to ensure waves propagating outwards.

l1l. SOLUTION PROCEDURE

A. Solution procedure based on the domain
decomposition approach

The domain decomposition approach is employed to solve the
boundary value problem. To do that, the entire fluid domain is divided
into 4 subdomains. Namely, Q; (0 < x < x7), Q, (% < x < x3), Q3
(x, < x < x3), and Qy (x3 < x < 400), as illustrated in Fig. 1. In
each subdomain Q,, the sl))atlal velocity potential and wave elevat1on
are denoted by qb and ¥ (i = 1-4) respectively. (;5 q’) ,and (;5
can be constructed by solving the correspondlng ordlnary different
equation (ODE) directly. By contrast, ¢ is constructed through an
integral equation. These velocity potentials are matched at their inter-
faces to obtain the final solution.

pubs.aip.org/aip/pof

Following the discussion above, in €, and €, the mean water
depth h(x) = hy is a constant. Hence, Eq. (4) becomes

29V (x) o
— T =0, i=2 4 10
dxz +gh0 (X) I 1 bl ( )
From Eq. (10), P? ( ) and ¢ (x) can be solved as
(/)(2) (x) = 1 gikox R(Z)e—ik0x7 (11)
¢(4) (x) — [etkox + R(4)e—ikux (12)

where kg = w/+/ghy represents the wave number, I = 1Ag/ ) and A
represents the amplitude of the incident wave, I @ ), ,and RW are
unknown coefficients.

In Q, applying h(x) = hgtanf; to Eq. (4), we have
xtanfd?¢V(x) tanpdoV(x)
_— k =0. 13

= e LA (13)

To solve Eq. (13), we may apply a variable substitution procedure,”” let

& = 2ko+/xhycot B, we obtain
26V 1dpW
e & de
Equation (14) is the zero-th order Bessel equation. Since ¢ should
be finite at x = 0, we obtain

+ ¢V =o0. (14)

9 (x) = AV 74(8) = AV 7o (2koxhocot B), (15)

where AV denotes an unknown coefficient, 7, represents the n-th
order Bessel function of the first kind.

To solve the ¢(3), we first consider a Green function G, which
corresponds to a fluid domain of an infinite extent fully covered by a
perfect and homogeneous elastic plate. From Eq. (5), the governing
equation of G can be written as

6
G

1 26
Ox®
—00 < x < 400,

0*G
+o@—mw)5—+%7c:5u—o, %)

where ¢ denotes the Dirac delta function, and ( is the source position.
G can be solved through a Fourier transform procedure, which
provides

G(x7 C) = 7%

1 [t jo(x—()
j ¢ do,  (17)

oo LatS + (pg — moa?)a? — L2
where the integration path in Eq. (17) should pass over (under) the
pole at o = 4K (—Ko) to ensure waves propagate outwards. K is the
unique positive real root of the equation Lo + (pg — me?)o?

- o' ), Applying the theorem of residue to Eq. (17), G(x, {) can be
converted to a series form as
0 e—iknlx—]
G(x,{) = (18)

i ;
m;2 6L, + 2(pg — me? )iy,

where x; and x_, are two fully complex roots of Lo?

—(pg — mew?)o? + ’);l—‘(jz = 0 with negative imaginary parts, as well as
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satisfying K _; = —K_,. It is noted that Eq. (18) can be also obtained
by applying the shallow water limit to the Green function of finite
water depth derlved in Evans and Porter.”

To obtain ¢®), we may first write it as

0

¢(3)(X) _ Z (Cmeilcmx+Dme—ixn1x) + &(3)(96)7 (19)

m=—2

where C,, and D,, are unknown coefficients. The summation term in
Eq. (20) is a general eigenfunction expansion, which is used to satisfy
thee edge conditions and continuous conditions at x = x, and x;.
¢ ( ) is for the conditions at internal constraints, which can be con-
structed through the following integral equation,

: G
" x3 ¢ (){ ot + (pg mew)agz}
d) ( ZA(3) dC
[ (g meo) 9 2(0]
at
(20)

Applying integration by parts to Eq. (20), which provides

< 50°G d5<2>(3>> <d<?)(3)84G 6Gd4<}5(3>)
LZ o Car ) \aor o ar

R R x=a;+0"
+<d2¢ Rliile 82Gd3¢(3>(x)>}

dzé’ aC?) - 8C2 dC:ﬁ

x=a;+0*

<d¢ G 6Gd4¢ )
¢ ot o dct

250 o3 RO Endas
297 PG PGdd
dZ‘é‘ 64’3 8(:2 dé’a :

(21)
x=b;+0*"
.40 5 (3) . .
Notice ¢ = and O¢ ~ /Ox are continuous at x = a; (j = 1 ~ N,) and

b; (j = 1 ~ Ny) due to the continuous of velocity potential and pres-
sure, Besides, invoking the edge conditions in Egs. (7) and (8), we

- (3) x=b;+0"
= (ds‘b (x)> (23b)

dCS x=b;+0

as physical parameters jump at edges at x = a; and b;. Substituting
Egs. (22) and (23) into Eq. (19), we obtain

0 . . No  92G(x, a;
o (x) = ,Z; (Cé" ™™ + Dye %) 4 ;E;%
Ny

+ Y FG(x,b). (24)

Using the Green function and the integral equation to construct
s (x) can significantly reduce the number of unknowns, particularly
when dealing with a large number of plates. Typically, in Eq. (24),
there is a total of N, + Nj, + 6 unknowns, namely C,, & D,
(m=-2~0),E (i=1~N,) and F; (i =1 ~ N;). By contrast, if
we expand the velocity potentials of the fluid below each single plate as
an eigenfunction series, and match them at the interface. There will be
six unknowns in each velocity potential, and a total of 6(N, + Nj, + 1)
unknowns. In such a case, it can be found then the total number of
unknowns is significantly reduced by usmg the present method.

To solve all the unknowns in ¢) (j = 1-4), we may use the con-
tinuous conditions at the interfaces for the velocity potential and
dynamic pressure at x = x; (i = 1,2, 3), or

8¢(1)(X1) B a¢(2) (xl)

PV ) = 9P (), — = (25a)
oo? 9p®
6 (x) = ¢ (x2), ¢8x(xz) _ (Isax(xz) (25b)
9B oo
o (x3) = e (x3), Qbax(xs) _ ¢ax(x3) ) (25¢)
Equation (25a) provides
To(2kox))AW — v 1) _ =ik p(2) — ¢ (26a)

ko T 1 (2kox1 ) AW + ke 12 — jkge Hon R?) = g (26b)

Equation (25b) gives

0

obtain Z (eilcmxz Cp + e*ircmxz Dm)
eikoxz I(Z) + e*ikgxz R(Z) _ NmE)—ZG —0
N x=a;+0" < XZ7
0O (269 ) P ZG %0,
¢ (x) = TCZ dC3 i=1
i—1 x=a;+0" (27a)
SN LT ikpehoe212) _ iy o RO
+y GTS . (22)
i=1 x=bj+0" i Z K (eiKsz Cp— e—ik'meDm)
Define _ ngzc o6 =0. (27b)
Xz, xz,
R x=a;j+0" +Z IxdC E Z
d3¢(3) (x) i=1
E = e (23a)
6 x=a;+0 Equation (25¢) gives
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0

Z (eilcmx3 Cm + e*i;c,,,x3 Dm)

= — et — el (282)
No 2 G( x3,a,
St
i=1
0 . .
i Z Kom (elh'mX3 Cp — e*meaDm)
Rl + ikge 0% R = o Jeikovs, (28b)

8GJ€37

+Z o 652 Z x3,

i=1

In addition to the equations established in Eqs. (26)-(28). The remaining equations can be obtained from the edge conditions at all the physical
constraints. In particular, at x = a; (j = 1 ~ N,), substituting Eq. (24) into Eq. (7b), we have

) ) 3°G(a;, a; L |0°G(a; + 07, a; 0°G(a; +07,a;
0 . _ N, 9 ) )
[ 2 : . K4 (emmajc e~ iFmai ) § o {[ ( ] l) ,UU)|: ( ] 1) ( 7 l) E;

XA o3 oL
N [ 0'G(apbi) o {83G(aj +0+,b)  PG(ay+07, b,-)] } o
+> 0 {L o H o - o Fi=0, j=1~N,. (29)
Atx = b; (j = 1 ~ Np), from Eq. (8c), we have

TG(by+0*,a)  TG(bj+07, a)} UﬁG(bﬂu)},

j 0 i, b —iKpyb,
5 G emn) ¢y o[ T Tol g

Ix20
G(b +0%,b;)  O°G(b;+0~ b-)} PG(b; b)} (30)
b 1 _ (J ]7 X
* Z {L[ x5 x5 1 Ox? ks,
]: 1 Nh.
At x = x; and x3, Egs. (92) and (9b) provides
0 KX — il X, Na 0 G(x/’ ) Np 84G('xj’ b’) .
D s K (€59C, + e D, ) WEi+ZiZITFi:o, =23 31)
0 _ a G(x,a D*G(x2, i)
2 il 3 + r Ucmxzcm — (iL 3 r lhmeD _|_ ’ o (it E
2l + e (i, =) Z 6x58 T a7
N T 955G (xa, b, L 0*G(x,,
+ Z L (;xé ) —q éxi )} F; =0, (322)

87G(X37ai) 184G(X3,ai)
L 2 4 )
x> 0( Ox*(

0 N,
Z K2 [(1Llc +q ) P Tom (iLKfn - ql) eii"""“Dm} + Z
i=1

Ny 5 2
PG(x3, b)) 0*G(xs, by)
+ Z {L 0x> —1 ox?

]Fl- =0. (32b)
i=1

There is a total of N, + N + 10 unknows (A 12 R c_ 5 ~ Cy, D_5 ~ Dy, R , E\ ~ Ey,, F) ~ Fy,). Egs. (26)-(28) provides 6 equations,
Egs. (29)-(32) provide N, + Nj, + 4 equations. Hence, the total number of equations is consistent to the total number of unknowns, and a unique
solution can be obtained.

B. Wide space approximation of the solution

When the floating plate is located far away from the sloping beach, or x; >> x;. The solution shown in Sec. IIT A can be simplified based on
the wide space approximation. To do that, we may define the velocity potentials 1; and ), for the case of the elastic plates system floating in an
unbounded ocean, where the subscript L and R denote the incoming wave from x = 400 and x = —oo respectively. Here, we may assume that
the right-side edge of the plates system is located at the origin, or x, = 0. Hence, we may write

2€:.L¥'91 GZ0T Ydoten €0
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elkox RLe‘ik“x X > X3

X) = . (33)
Vi) Ty ekox x < Xy,
e kX 4 Rpelf* x < x,

Yr(x) = _ (34)
Tre ™ kox X > X3,

where Ry & Ty and Rg & T correspond to the reflection & transmis-
sion coefficients of i/, (x) and Y/, (x) respectively. If the plates system
is symmetric about its centre, we have T;, = T and R, = Rz. We
may further introduce the velocity potential ¥/,(x) for the case only
with a sloping beach (the case without plates shown in Fig. 1), From
Egs. (11) and (15), yy(x) may be written as

t:J o (2kor/xhgcotf)) 0 < x < hycot
i) = o o/ ucotf P) ocoth o
efor 4 remox x > hycot f3,
where
zeikghocot/i
t, = - (36a)
jo (2k0h0COt ﬁ) + lj] (2k0h0c0t ﬁ)
_ jo(zkohocot ﬁ) — lj] (Zkoh()COt ﬁ) eiZkOhOCOlﬁ. (36b)

"7 To(2kohocot ) + 171 (2kohocot f)
The velocity potential near the plates system can be written as
G(x) = Y (x — x2) + EPp(x — x2), (37)

where & is an unknown coefficient. The velocity potential near the
sloping beach (x < x;) can be written as

D(x) = ety (x). (38)

where € is an unknown coefficient. Hence, the consistency of the veloc-
ity potential in the domain x; < x < x, requires

TLeikgxz
€= prr— R (39a)
T,
¢ - (39b)

eiZkoxz _ rsRR :

Equations (39a) and (39b) indicate that the solution may show fluctua-
tion trends with several physical parameters, namely the transmission
T;, and reflection coefficients Rg of the plate systems, as well as the
position of the plates x,.

IV. NUMERICAL RESULTS AND DISCUSSION

The physical parameters used in Karmakar, et al."" are selected in
the following computation. In particular, the mean water depth
ho = 10 m, the water density p = 1025kgm >, and the acceleration due
to gravity g = 9.8 ms 2. Besides, all the numerical results are presented
in nondimensionalized forms based on a combination of p, g, and h,. In
particular, the following parameters are used in the properties of the plates

o/, = 10 pe/p =09 w0)
E/pgh. = 4.9776 x 10° v =0.3.

Besides, i = u'/pght, g = 9" /pgh®, §" = q/pgh?, and '
=q'/pgh* are defined as nondimensionalized spring stiffness.
Moreover, under the shallow water approximation, the wave number
range 0 < kohg < 1 is considered. The wave run-up A, on the beach
is approximated by the wave elevation at x = 0,”%*’

pubs.aip.org/aip/pof

Ap ~ |n(0)| = g 16(0)] :§|A“)\. (41)

Under the wide space approximation and using Egs. (35) and (39), A,
can be further approximated as

Ah - « ‘TLts|

~—— 42
g TP — 1Ry @)

A. Wave interaction with a single elastic plate near a
sloping beach

The case of a single elastic plate floating near a sloping beach is
first considered. The results of wave run-up on the beach A;/A vs
kohy under different plate lengths d (here, d = x3 — x,) and edge con-
ditions are shown in Fig. 2, where x, — x; = hy and the angle of the
beach f§ = 45° are fixed. In Fig. 2(a), two side edges of the plate are
free to move. It can be observed that when d/hy is small, the floating
elastic plate only has little effect on A;/A. The curve of A,/A vs kohy
at d/hy = 1 closely resembles that of the case without any plate.””

As d/hy increases, it becomes evident that A; /A gradually exhib-
its oscillations with kohy. It is known from Eq. (42) that such oscilla-
tion is in fact related to the oscillatory nature of Tp (Ry), which
corresponds to the transmission (reflection) coefficient for the single
elastic plate floating in an unbounded ocean, as defined in Sec. 111 B.
As discussed by Meylan and Squire,”’ R;, oscillates with kod. The larger
value of d, the more pronounced the oscillations in R;. As shown in
Fig. 3(a), |Ry| shows a similar fluctuation trend with A;/A. In Figs.
2(b)-2(d), apart from using the free edges conditions at x = x; and x;3.
The vertical spring conditions with g, = g, are applied. It is found
that the variation of A, /A vs kohy is extensively changed when vertical
springs are used, even when d/hy is small. Besides, in Fig. 2(d), when
q, = q, — 00, or under pinned conditions, significantly larger oscil-
lations are observed compared to the free-edge case. This is because
larger stiffness values for g, and g, result in more pronounced fluctua-
tions in Ty, (Ry),'” and is shown in Fig. 3(b), such behaviour is further
reflected in A, /A.

The scenario of a single elastic plate floating at different trans-
verse locations is considered next. The results of the wave run-up
Ay /A vs kohg are shown in Fig. 4, where the angle f = 45° and free
edge conditions are applied to the edges of the plate. From Figs. 4(a)-
4(d), it is observed that the curves of A, /A vs kohg exhibit more fluctu-
ations as kohy increases. This behaviour results from the oscillatory
term e2%0* in the denominator of Eq. (42). Furthermore, when the dis-
tance between the plate and the beach is small, as shown in Fig. 4(a)
for x, — x; = 10hy, significant differences can be observed in A,/A
computed using Eq. (41) and the wide-space approximations obtained
from Eq. (42), particularly in the range 0.3 < kohy < 0.9. As kohy
increases, this difference gradually diminishes, and the two results
become increasingly consistent.

The results of the wave run-up A, /A on sloping beaches with dif-
ferent angles are shown in Fig. 5, where a single plate of length
d = 10hy floats at x, = x; + 50h. In all cases, it is observed that
Ay/A oscillates with the variation of kohy, following the trend of the
cases without the plate. From Figs. 5(a)-5(d), it is observed that the
fluctuation amplitude decreases with a larger sloping angle f.
Additionally, for a fixed value of f3, the oscillation amplitude of A,/A
in the case of a free-edge plate is much smaller than that for a
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FIG. 2. Wave run-up on the beach vs

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2

06 08 10 koho under different plate length d and

’ koho vertical spring stifness §" and §'. (a)

§=7 =0 (Free); (1) § =7 =2 ()
G =3 =20; and (d) ¢ =§ = +oo
(Pinned). (B =45°, (X —x1)/hy =1
N, = Ny = 0)

FIG. 3. The reflection coefficient |R, | vs kohy for a single floating elastic plate in an unbounded ocean. (a) §" = §' = 0 (Free); (b) §" = §' = +oo (Pinned).

pinned-edge plate, which is consistent with the phenomenon observed
in Fig. 2. Furthermore, with the introduction of the floating plate, it is
interesting to see that A;/A is significantly reduced at certain frequen-
cies. This suggests that the deployment of a floating solar farm could
potentially reduce wave run-up on the beaches.

B. Wave interaction with multiple elastic plates near a
sloping beach

The scenarios involving multiple elastic plates floating near a
sloping beach are further considered. It is assumed that the length of

each plate is d = hy, and for an (N, + 1)-plate system, the position of
each spring hinged point is

a; :x2+id, i=1 NNa. (43)

It is also assumed that the stiffness of each rotational hinge is the same,
or ﬂ(i) = [i. The results of A,/A vs kohy under N, = 9 and N, = 99
are shown in Fig. 6, where three different values of i are considered.
When [i = 0, the bending moment at each hinged point is zero. As
shown in Figs. 6(a) and 6(b), the oscillatory behaviour of A, /A vs kohy
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5.0

(a)

No plate
454 = — x,=x; = 10k, I\
| =——=— Wide space approximation I ||

4.0+

No plate
= — x,-x, = 100h,

----- Wide space approximation
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5.0+
(b) No plate
454~ Xy-x; = 50h,
’ === Wide space approximation

No plate
454 T = 200h,

(===== Wide space approximation

FIG. 4. Wave run-up on the beach vs kohy when the floating elastic plate is at different positions. (a) (xo — x1)/ho = 10; (b) (X2 — x1)/ho = 50; (c) (X2 — X1)/ho = 100;

and (d) (X — x1)/ho = 200. (B = 45°, d/hy = 10, N, = Ny = 0, free at x = xp & x5)

is relatively weak in both cases. As ji increases, the oscillatory behav-
iours of A, /A gradually become more pronounced. When [t is suffi-
ciently large, from Eq. (7b), the rotational spring edge condition
approaches the slope continuity condition, causing the multiple-plate
system to behave like a single plate. In particular, in Fig. 6(a) for
N, =9, when i = 10°, there is no noticeable compared to the results
for the plate without any hinge. In contrast, in Fig. 6(b) for N, = 99,
subtle differences remain between the results for i = 10° and the
single-plate case, and a much larger [ is required to achieve
consistency.

In addition to the wave run-up on the beach, the deflection and
principal strain in the elastic plates are also considered. From Eq. (24),
we obtain

i ®3)
(3) _ lho dld)
T = e

0
_ Z Kfn (Cmeikmx + Dme—ixmx)
i”lo m=-—2
o) M Gra) A Gb) | o
< X, aj X, 0;
T S

i i Ox2

E
T2 00

i=1

The principal strain can be calculated from™

3 _
¢ )(x) T2 dx?
0
4 Cm ¢, X +Dm —1KyX
= X N . N . (45)
2w o Ela G(x, a;) z”:F.a‘*G(x, b;)
e booxt

i=1 i=1

At a given wave frequency, the maximum deflection and the maxi-
mum principal strain in the beam are represented by 7,,,. and &y
respectively. These values can be determined through a numerical
search over a sufficient number of points along the beam.

For the 10-plate system (N, = 9) mentioned for Fig. 6(a), the
Nax A0 &gy VS kohg are presented in Figs. 7(a) and 7(b). In
Fig. 7(a), when kohy is small or the wavelength is very large, ,,,,, for
the four different values of /i are nearly identical. As kohy increases,
irregular oscillations appear in the curves. When ft = 0, the oscilla-
tion amplitude is very small. As ji increases, the oscillatory behaviour
Of 1,ax VS koho gradually becomes more pronounced, and the results
approach the single-elastic-plate case as i — +o0c. By contrast, in
Fig. 7(b), &max in the four cases generally increases with kohy and
varies more smoothly, with much less pronounced fluctuations.
Additionally, it is interesting to see that at kohy = 0.0605 and 0.1813,
local minimums can be observed in 1, for all four cases.
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FIG. 5. Wave run-up on the beach vs kohy under different inclined angle . (a) 8 = 30°% (b) B = 45°% (c) = 60°% and (d) 8 = 90°. (d/ho = 10, (X, — X1)/ho = 50,

8 |=+=" Pinned edges at x,, x
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B i ]
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]
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0.0 0.2 0.4 0.6 0.8 1.0
kOhO
Ny =Ny, =0)
5.0+
(a) .
—r=0
4.5 fmm=mp=10° A
o i=10° i
........... No hinge f;
40 i
it
T a5 |
< ;
3.0
2.5+
20 -
0.0 0.2 0.4 0.6 0.8 10

b 5.0
(b) -
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—-- =i =10°
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4.0
x a
=331 i
- ]
-:
3.0
!
&
254 i
{
2.0 : . ; ; ‘
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 6. Wave run-up on the beach vs kohy under different numbers of plates and various rotational spring stiffnesses. (@) Na =9; (b) No=99. (d/hy =1,

(X —X1)/ho = 20, B = 45°, N, = 0, free edges at x = x, & x3).

Particularly, at kohy = 0.0605, 7,,,,/A is minimum and approxi-
mately to be 0.615. The corresponding plate deflection distributions
are shown in Figs. 8(a) and 8(b). In general, the deflection distribu-
tions in all cases are quite similar and nearly symmetric about the

center of the plate, with the maximum deflection occurring at the
ends of the plate system. In contrast, significant differences are
observed in the principal strain distribution across these cases, as
shown in Fig. 9.
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FIG. 7. The maximum deflection (a) and the maximum principal strain (b) vs koho under various rotational spring stiffness. (d/ho = 1, (X, — X1)/ho = 20, p = 45°, N, =9,
Ny = 0, free edges at x = x & x3)

2.0+ 2.0 =
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0.0 \ \ f \ T 0.0 T T f T T
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FIG. 8. Deflection distribution in the elastic plates. (a) koho = 0.0605; (b) koho = 0.1813. (d/hg =1, (X2 — X1)/ho = 20, p = 45°, N, = 9, N, = 0, free edges at x = X, & X3)

(a) 10*5 -

le(x) |y / A
3

22 24 26 28 30 22 24 26 28 30
x/h, x/ hy

FIG. 9. Principal strain distribution in the elastic plates. (a) koho = 0.0605; (b) koho = 0.1813. (d/hy =1, (Xo — X1)/ho = 20, p = 45°, N; = 9, Ny, = 0, free edges at x =
X2 & X3)
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FIG. 10. The maximum deflection (a) and the maximum principal strain (b) vs kyho under different numbers of vertical spring supports. (d/hy =1, (x — x1)/hy = 20,

B =45 N, =9, free edges at x = X, & x3, it = 0, § = 20)

We also consider scenarios in which multiple plate systems are
both hinged by rotational springs and supported by vertical springs, or
Nj # 0. In this case, we may assume that each vertical spring has the
identical stiffness as g/ = g (i = 1 ~ N,). We may consider three
different vertical spring arrangements for the above 10 hinged plates
system with ft = 0 and g = 20. In particular, Case 1: N, = 1, b; = as;
Case 2: N, =3, b; = agiyy (i=1~3); Case 3: N, =5, b; = a1
(i =1 ~ 5). The results of the maximum deflection and the maximum
principal strain are shown in Fig. 10. In the considered range, for most
values of kohg, both the magnitude of #,,,, and &, increase due to
the presence of the vertical springs. In Fig. 10(a), when N is nonzero,
the fluctuation behaviour of 7,,,, vs kohy becomes much more pro-
nounced compared to the case with N, = 0. In Fig. 10(b), when
Np =1, &y oscillates with kohg, which differs significantly from the
variation trend observed for N, = 0. As N, increases further, the oscil-
lations gradually diminish.

C. Time-domain analysis of wave interaction with
floating elastic plates

Apart from the frequency domain results shown above, the time-
domain analysis is also extended here. Based on the wave elevation
1(x, w) of the fluid surface by Egs. (3) and (44), the time-domain wave
elevation 7 (x, t) can be constructed from

i(x,t) = Re{ljwof(a))n(x, w)ei"”dw}7 (46)

T Jo

where f(w) denotes the Fourier transform of an incident wave pulse.
Here, we may first assume the incident wave pulse is a Gaussian wave
packet, or f(w) = \/mye "), where 7 and @, represent the
spreading function and centre frequency respectively. Here, case stud-
ies are conducted with y = 20 s? rad ? and wy = 2rads . The time ¢
is nondimensionalized by T = t1/g/hy.

The results of a single plate floating near a beach with the slop-
ing angle f = 10° are shown in Figs. 11 and 12, where Fig. 11 is for
the plate with free edges at x, and x3 and Fig. 12 is for pinned edges.
From 7t = —50 to 7 =200, the interaction between the incoming

waves and the floating plate is clearly demonstrated, including the
wave-induced deflection and the waves reflected by the beach. These
reflected waves then further interact with the plates, showcasing the
phenomenon of multiple wave scattering. Notably, the initial wave
packet is split into several smaller packets as a result of its interaction
with both the plate and the beach. Over a long period of time, the
disturbed fluid surface gradually stabilizes. Furthermore, the compari-
son between Figs. 11 and 12 highlights the impact of plate edge con-
straints on wave transmission and reflection. A similar analysis is also
made in the case of three elastic plates connected by rotational hinges,
as shown in Fig. 13.

In addition to incident waves of Gaussian wave packets, a storm
wave-type incident pulse is also considered. To achieve this, we may
introduce a Gaussian-type wave profile with amplitude A, or

Eo(x) = Ae V%), (47)

where x, denotes the peak position of the wave, v is a typical parame-
ter control the shape of the wave profile, and v = 0.001 m~2 is selected
here. In Eq. (47), x, should be selected to be far from the floating plates
and the beach, or &, — 0 near these positions, here, we may use
xp = 50ho here. Based on Meylan™ and Hazard and Meylan, ~ the
time-domain wave elevation can be constructed from

T Jo

i(x,t) = Re{IJm [P(k)n(x, ) — %o(k)e“k"] e“"”dk}, (48)

where = k+/gh, and

—+00

P(k) = J Eo(x) (x, )dx (49a)

- +00
Gl = | s, (49b)
0
with 77 denotes the conjugate of 17. Compared with the transform for-
mula in Eq. (46), some modifications are in fact imposed to Eq. (48) to
account for the single direction of incident propagation. Particularly,
the second term in Eq. (48) is introduced to cancel the pulse travelling
away to x = +00. Based on the established time-domain models, case
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FIG. 11. Wave profiles at six different time steps for the case of a Gaussian wave packet incident pulse interaction with a single floating plate (5 = 10°, d/hy = 10,
(X2 — x1)/hy = 10, free edges at x = X, & x3; Red line: plate deflection; Blue line: surface wave profile). Multimedia available online.
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Phys. Fluids 37, 032103 (2025); doi: 10.1063/5.0257242 37, 032103-13

© Author(s) 2025


pubs.aip.org/aip/phf

Physics of Fluids

2 2
T=-100
1 1
=0 =0
-1 -1
-2 -2
0 50 100 150
.'E/h()
2 2
T =60
1 1
= =
= o W v MU o =1
-1 -1
-2 -2
0 50 100 150

x/hy

ARTICLE

pubs.aip.org/aip/pof

=
/A

-1
2
0 50 100 150 0 50 100 150
x/hgy z/hy
2
T =100 T =200
l L
"N\N"“‘M-WVMMVWVW\AW\/\AA/\/\{\/\N\'- I ow ey
S
-1
2
0 50 100 150 0 50 100 150
x/hy x/hyg

FIG. 13. Wave profiles at six different time steps for the case of a Gaussian wave packet incident pulse interaction with three floating plates (8 = 10°, d/hy = 10,
(X2 — x1)/hg = 10, free edges at x = x & X3, N; =2, Ny =0, jt = 10%; Red line: plate deflection; Blue line: surface wave profile; Black dot: rotational hinges). Multimedia

available online.

2 2
7=0
1 /\ 1
T o T o
= 3
-1 -1
) -2
0 20 40 60 80 100
z/hg
g 2
7 =250
1 1
I I o
= @
-1 -1
49, -2
0 20 40 60 80 100
$/h0

2
7T=230 T =40
1
—’\j/\—y = 0 /\
S
-1
-2
0 20 40 60 80 100 0 20 40 60 80 100
z/hg z/hg
2
T =100 7 =150
1
bﬂ,\/K_vw = 5 ww\ﬂ
S
-1
: -2
0 20 40 60 80 100 0 20 40 60 80 100
I/ho I/hg

FIG. 14. Wave profiles at six different time steps for the case of a storm wave-type incident pulse interaction with a single floating plate (8 = 10°, d/hy = 10,
(x2 — x1)/hg = 10, free edges at x = X, & x3; Red line: plate deflection; Blue line: surface wave profile). Multimedia available online.

Phys. Fluids 37, 032103 (2025); doi: 10.1063/5.0257242
© Author(s) 2025

37,032103-14

2€:.L¥'91 GZ0T Ydoten €0


pubs.aip.org/aip/phf

Physics of Fluids ARTICLE pubs.aip.org/aip/pof
r_ —_—— 2 —
7=0 7=30 =40
1 A 1 1
To = OJ/\ Ty A
-1t 1 -1
2 - : 2 2 -
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
z/hg z/hy z/hy
2 g 2 2
=50 7 =100 T =150
1 Lf 1
S: 0 — N\ E O\W/‘\//\/\/\ § Ov-ﬂ\_ﬁ\—\/\/;/\//\
1 1 -1
2 -2 -2
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
z/hg z/hy z/hy

FIG. 15. Wave profiles at six different time steps for the case of a storm wave-type incident pulse interaction with a single floating plate (8 = 10°, d/hy = 10,
(X2 — x1)/hg = 10, pinned edges at x = x, & x3; Red line: plate deflection; Blue line: surface wave profile). Multimedia available online.

studies are conducted for a single plate floating near a beach with
p = 10°, as shown in Figs. 14 and 15 for the plate with free and pinned
edges at x = x, & x3 respectively.

V. CONCLUSIONS

The interaction of waves with single and multiple elastic plates
floating near a sloping beach is studied analytically. The solution
approach is based on linearized velocity potential theory with the shal-
low water assumption for the fluid, along with Kirchhoff-Love plate
theory for the elastic plates. In this approach, the velocity potentials in
the free surface regions with flat seabed are expanded into a series of
eigenfunctions with unknown coefficients, while the velocity potential
of the fluid beneath the plates is constructed using the Green function
method. In the sloping beach region, a variable substitution procedure
is applied to the BVP to obtain the general solution. The velocity
potential and horizontal velocity are then matched at the interface of
each fluid domain to derive the final solution. This treatment signifi-
cantly reduces the number of unknowns, when compared to the proce-
dure that only involves the MEE. Besides, the established procedure is
applicable to arbitrary types of physical constraints in the elastic plate
system.

Case studies are first conducted for a single floating elastic plate.
As the length of the plate tends to be 0, the wave run-up on the beach
is found to be consistent with the case without any plate in the litera-
ture, which verifies the present model. Besides, with the presence of
the plate, it is found that the wave run-up fluctuates with the wave
number kohy. These fluctuations are primarily caused by two factors.
On the one hand, the transmission and reflection of waves by the float-
ing plates induce oscillations in the wave run-up, with the oscillation
becoming evident as the plate length increases. Second, the fluctuation
is also influenced by wave propagation between the beach and the
plate, particularly when there is a large gap between the plate and the
beach. In such a case, a wide space-approximated solution is further
proposed to explain such an oscillatory phenomenon.

In addition to the case of a single plate, computations are also
performed for multiple plates connected by rotational springs. The
numerical results indicate that the maximum plate deflection oscillates
with kohy, while the maximum principal strain varies more smoothly.
Furthermore, the stiffness of the rotational springs can significantly
impact both the maximum deflection and principal strain. An analysis
is also conducted on a plate system consisting of both rotational
springs and vertical springs, which helps capture the structural
response characteristics of such plates system.

In this paper, in addition to the frequency-domain investigations,
time-domain analyses are also considered. Case studies are also con-
ducted based on two types of incident impulses. Particularly, the
Gaussian wave packets and a storm-wave type. The numerical results
illustrate the dynamic interaction between waves and floating elastic
plates, as well as the reflection of waves by the sloping wall. Additionally,
the results reveal the phenomenon of multiple wave scattering.

The work primarily provides theoretical insights into the hydro-
dynamic responses of FSFs deployed near coastal regions, contributing
to a better understanding of wave-induced deflection and strain in
floating structures, which is valuable for their design and optimisation.
Additionally, the results of wave run-up on the beach offer insights
into how the deployment of FSFs influences wave behaviour in coastal
regions.

SUPPLEMENTARY MATERIAL

See the supplementary material for the MATLAB codes to ana-
lyse the interaction between irregular waves and floating elastic plates
in time-domain is supplied, which corresponds to the results shown in
Figs. 11-151in Sec. IV C.
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