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A B S T R A C T   

The fully nonlinear wave potential theory is employed to analyze interactions of water waves and a group or an 
array of vertical cylinders in a uniform current in three-dimensions (3D). The nonlinear free surface boundary 
conditions are satisfied on the transient position. The velocity potential at each time step are solved through a 
higher order finite element method (HOFEM) with hexahedral 20-node parametric elements and the velocity on 
the free surface are obtained by differentiating the shape functions directly. The radiation condition is imposed 
through a damping zone method. Wave resonance for four bottom mounted cylinders at near-trapping modes is 
simulated with considering current effect. Waves and hydrodynamic forces are obtained to show their resonant 
behaviors at different current speeds and different incident wave amplitudes. Comparisons are also made with 
those by previous study and the time-domain second order solutions and agreement and disagreement are dis
cussed between them.   

1. Introduction 

Over the last decades, with the increasing demands of energy 
resource, more and more attention has been paid to oil exploitation in 
ocean especially in deep sea. There has been extensive research into 
interactions between water waves and ocean structures, most of which 
consist of multiple bodies such as a group or an array of vertical cylin
ders. An interesting problem is the trapped wave, which is a resonant 
phenomenon when the interactions between waves and ocean structures 
with multi-body happen at some special wave frequencies. Maniar and 
Newman (1997) investigated linear wave diffraction by an array of 101 
circular cylinders in the frequency domain. They found that very large 
hydrodynamic forces could occur on the cylinders in the middle when 
the wave number was close to the trapped mode (Ursell, 1951). Newman 
(2001) also discussed wave resonance may happen in diffraction by an 
array of cylinder in other configurations. Evans and Porter (1997b) and 
Evans and Porter (1997a) founded that large force could occur for linear 
wave diffraction by a small number of circular cylinders, such as four, 
especially when they were quite close to each other. Malenica et al. 
(1999) further showed that similar behavior could occur for the second 
order solution, which were found to be abnormally large. Wang and Wu 
(2007) further made simulations based on the second order theory in the 

time domain and came to similar conclusions to above works based on 
the frequency domain theory. The near-trapping phenomenon of wave 
acting on multiple elliptical cylinders was investigated by Chen and Lee 
(2013) and Chatjigeorgiou and Katsardi (2018). Other investigations on 
wave interactions with an group of circular cylinders include those by 
Kashiwagi and Ohwatari (2002), Ohl et al. (2001), Kagemoto et al. 
(2014), Walker and Taylor (2005), Walker et al. (2008) and Grice et al. 
(2013). 

While the perturbation theory can capture some important features 
of resonance, it does not always provide accurate results quantitatively. 
The main reason for this is that the perturbation theory is based on small 
parameter expansion. At resonance, the motion becomes very large. In 
fact, the motion can become infinite based on the linear and second 
order theories when there is no damping in the system. The actual sit
uation may be much different between the linear or second order results 
and the fully nonlinear ones such as comparisons of radiation problems 
by floating bodies undergoing forced motions based on the second order 
theory by Wang and Wu (2008) and fully nonlinear theory by Wang 
et al. (2011) and Wang et al. (2013). This clearly contradicts with the 
foundation of the perturbation theory. Thus, an appropriate approach at 
resonance is to use the fully nonlinear theory. The nonlinear theory has 
been used previously for the resonant behavior of a sloshing tank in 3D 
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by Wu et al. (1998) and two-dimensions (2D) by Wang and Khoo (2005). 
Wang and Wu (2010) reported wave mutual interference between 
multiple cylinders in a tank, in which the effects of tank wall on the wave 
and force are discussed and the resonant effects on waves and forces at 
the near-trapping mode frequency are also observed. Bai et al. (2014) 
reported near-trapping phenomenon for four vertical cylinders in waves 
and they strongly suggested that wave nonlinearity should be consid
ered when studying multiple structures. Ning et al. (2015) and Feng and 
Bai (2015) considered wave resonance by multiple bodies in narrow gap 
in 2D and 3D. Li and Zhang (2016) simulated two barges in specified 
motions and calculated the response amplitude operator at resonant 
frequencies. Shivaji and Sen (2016) studied 3D gap resonance caused by 
side-by-side floating bodies using a mixed Eulerian–Lagrangian panel 
method. 

The works mentioned above did not consider the current effect. 
Extensive studies for wave interactions with a single isolated body in a 
steady current can be found. For examples, second order simulations by 
Büchmann et al. (1998), Skourup et al. (2000), Shao and Faltinsen 
(2010) and Shao and Faltinsen (2013) and fully nonlinear studies by 
Büchmann et al. (2000), Celebi (2001), Ferrant (2001) and Koo and Kim 
(2007). However, little work has been done for multi-structures. Kim 
and Kim (1997) studied linear diffraction by four bottom-mounted 
cylinders but did not consider the nonlinear effect and the influence of 
current on near-trapping phenomenon. Recently, Huang and Wang 
(2019) simulated two-dimensional wave resonance by two rectangular 
barges in forced motions at different current speeds based on the second 
order theory in time domain and they found the linear and second waves 
amplitude decreases as the current speed increases in most cases, and 
this problem was further investigated by Huang et al. (2022) through the 
fully nonlinear potential flow theory and they found that the wave peaks 
and forces at resonant frequencies are clearly affected by the current 
speed. Yang and Wang (2020) considered the near-trapping phenome
non around four vertical bottom mounted cylinders in a steady current. 
Their investigation show that the first order wave or force increase as the 
increase of the Froude number but it is not clear for the second order at 
the trapped modes. 

The present paper uses a higher order finite element method with 
hexahedral 20-node parametric elements to analyze the wave diffraction 
by four bottom-mounted cylinders in a uniform current in an open sea. 
The situation at the near-trapping frequencies is especially considered. 
The current effect on waves and hydrodynamic forces at the trapped 
modes are investigated and the nonlinear features at different incident 
wave amplitudes are also analyzed. The agreement and disagreement 
between the fully nonlinear and the perturbation methods within po
tential flow theory are discussed. 

2. Mathematical formulation 

We consider the wave interactions with a group of fixed cylinders in 
an open sea. As shown in Fig. 1, a right-handed Cartesian coordinate 
system oxyz is defined, in which x and y are measured horizontally and z 
points vertically upwards form the still water level. Each cylinder sur
face is denoted by Sb and its unit normal vector directed outward from 
the fluid region is denoted by n→ =

(
nx, ny, nz

)
. The seabed is assumed 

horizontal along the plane z = − h. Let t denote time and η be the 
elevation of the free surface Sf relative to the still water level. When the 
fluid is assumed incompressible and inviscid, and the flow irrotational, 
the fluid motion can be described by a velocity potential φ which sat
isfies the Laplace equation within the fluid domain ∀

∇2φ = 0 in ∀ (1) 

For a problem with a uniform current with speed U→ along a direction 
at an angle βc with the x-axis, the total velocity potential is: 

Φ = U→⋅ x→+ φ (2)  

where U→=
(
Ux,Uy, 0

)
= (Ucosβc,Usinβc,0) and x→ = (x, y, 0). The po

tential Φ also satisfies the Laplace equation in the fluid domain and is 
subject to the following boundary conditions on the free surface Sf 

∂η
∂t

+
∂Φ
∂x

∂η
∂x

+
∂Φ
∂y

∂η
∂y

−
∂Φ
∂z

= 0 on Sf (3)  

∂Φ
∂t

= − gη −
1
2
|∇Φ|

2
= 0 on Sf (4) 

The condition on the cylinder surface can be expressed as 

∂Φ
∂n

= 0 on Sb. (5)  

since the cylinder is fixed. On the water bottom the boundary condition 
is 

∂Φ
∂n

= 0 on z = − h. (6) 

The boundary conditions mentioned above or Eqs. (3)~(6) may be 
expressed in terms of the disturbed potential φ as 

∂η
∂t

+

(

Ux +
∂φ
∂x

)
∂η
∂x

+

(

Uy +
∂φ
∂y

)
∂η
∂y

−
∂φ
∂z

= 0 on Sf (7)  

∂φ
∂t

+ gη +
1
2
|∇φ|2 + U→⋅∇φ = 0 on Sf (8)  

∂φ
∂n

= − U→⋅ n→ on Sb (9)  

∂φ
∂n

= 0 on z = − h (10)  

where g is the acceleration due to gravity. In addition, the potential 
satisfies the radiation condition, which is imposed through a suitable 
numerical procedure applied on a control surface Sc located at some 
distance away from the cylinder as shown in Fig. 1. In the present study, 
an artificial damping zone is placed near the truncated boundary Sc to 
absorb the incoming wave and minimize the reflection, which will be 
hereinafter addressed. 

In the present paper, the incident wave is chosen as the second order 
Stokes wave and its wave elevation and potential can be written as 

ηI(x, y; t) = Acosθ +
k
4
A2coshkh(cosh2kh + 2)

sinh3kh
cos2θ (11)  

Fig. 1. A sketch of numerical wave tank.  
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φI(x, y, z; t) =
gA
ω

coshk(z + h)
coshkh

sinθ +
3
8
A2ω cosh2k(z + h)

sinh4kh
sin2θ, (12)  

where A, ω and k is linear wave amplitude, frequency and wave number 
without current, respectively, and 

θ = k (xcosβw + ysinβw) − ωct,

where ωc = ω + Ukcos(βc − βw) is the frequency with considering the 
current effect or the encounter frequency. 

Eqs. (7) and (8) can be written in Lagrangian form 

Dx
Dt

=
∂φ
∂x

+ Ux,
Dy
Dt

=
∂φ
∂y

+ Uy,
Dz
Dt

=
∂φ
∂z

, (13)  

Dφ
Dt

= − gz +
1
2
|∇φ|2, (14)  

where D
Dt =

∂
∂t +∇Φ⋅∇ is the material derivative. 

Since the fully nonlinear water wave problem is solved in the time 
domain, the initial conditions including the position of the free surface 
(x0, y0, z0) and the velocity potential Φ0 or φ0 on it should also be given, 
where (x0, y0) is the node coordinate of a plane mesh on the static water 
level or z = 0 at the initial time step, and z0 and Φ0 or φ0 can be 
expressed as 

z0 = ηI
(
x0, y0;0

)

Φ0 = φI
(
x0, y0,0; 0

)
+ U

(
cosβcx0 + sinβcy0

)

}

, (15)  

or 

z0 = ηI
(
x0, y0; 0

)

φ0 = φI
(
x0, y0,0; 0

)

}

, (16)  

respectively. 

2.2. Evaluation of hydrodynamic forces 

Once the velocity potential has been obtained through solving Eqs. 
(1), (13~14), (9~10) and (16), the pressure in the fluid can be deter
mined by the Bernoulli equation 

p = − ρ
(

∂φ
∂t

+
1
2
|∇φ|2 +Ux

∂φ
∂x

+Uy
∂φ
∂y

+ gz
)

, (17)  

where ρ is the fluid density. The hydrodynamic force acting on the 
cylinder can be expressed as 

Fj =

∫∫

Sb

pnjds (j=1, 2,⋯, 6), (18)  

where (n1, n2, n3, n4, n5, n6) =
(
nx, ny, nz, rynz − rzny, rznx − rxnz, rxny −

rynx
)
,j = 1, 2,3 corresponding to the force 

(
Fx, Fy,Fz

)
and j = 4, 5,6 to 

the moment 
(
Mx, My, Mz

)
. r→=

(
rx, ry,rz

)
is the position vector of any 

point on the cylinder surface to the center of cross section of the bottom 
of each cylinder. In Eq. (18), the computation of the integration ∂φ/∂t 
may cause some problems such as sawtooth type behvaviour in the force 
history. To overcome this difficulty, we extend the method developed by 
Wu and Taylor (2003), which is used in cases without current and it can 
circumvents the need for the derivative of the potential with respect to 
time directly, to the present study on wave-current-body interactions. In 
the fluid domain, the time derivative φt satisfies the Laplace equation 

∇2φt = 0. (19) 

On the fixed boundary it satisfies 

∂φt

∂n
= 0. (20) 

On the free surface φt is given by the Bernoulli equation as 

φt = − gz −
1
2
∇φ∇φ − Ux

∂φ
∂x

− Ux
∂φ
∂y

. (21) 

Thus, φt can be obtained through solving Eqs. (19)~(21). 

3. Finite element discretization and numerical procedures 

The finite element method is employed for solving the boundary 
value problem mentioned above. Mesh generation is an essential part of 
finite element based numerical simulations. In the present study, the 
hexahedral 20-node parametric element (see Fig. 2b) is used in the 
numerical simulation. The advantage of the higher-order finite element 
is that it has more accuracy with fewer elements than the linear 8-node 
element. Besides, the linear 8-node element may cause wave decaying 
with the development of time in some cases but the 20-node element 
does not. We now make a comparison of wave histories of a wave- 
making problem in rectangular tank in Lin et al. (1984) between using 
the hexahedral 20- and 8-node parametric elements. In the simulation, 
the length, breadth and calm water depth of the tank are L = 9 m, B = 1.0 
m and h = 0.6 m, respectively, and they are divided into 50, 8 & 6 in
tervals for using the 20-node element and 200, 24 & 16 intervals for 
using the 8-node element, respectively, which corresponds to 2400 
20-node elements and 76,800 8-node elements in the whole fluid 
domain. The vertical wave-maker at the left end is under a harmonic 
motion X(t) = Asinωt in the horizontal direction, where A is the oscil
lational amplitude of the wave-maker, ω the frequency and t the time. 
Fig. 3 gives the comparison of wave histories at 0.7 m far away the left 
end of the tank with A = 0.05h The result through an 2D 
unstructured-mesh-based finite element method given by Wang and Wu 
(2006) is also depicted for comparison. It can be seen that the result 
using the 20-node element is in a good agreement with the experimental 
(Lin et al., 1984) and that by Wang and Wu (2006). However, the result 
by the 8-node element is much smaller than it. Some works (Wang and 

Fig. 2. Hexahedral 20-node parametric element.  

Fig. 3. Comparisons of waves between hexahedral 20- and 8-node para
metric elements. 
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Wu, 2008; Wang et al., 2011; Wang et al., 2013; Wang and Khoo, 2005) 
on wave-body interactions in 2D based on higher order finite methods 
have been reported. The shape functions defined in a local coordinate 
system ξ

→
= (ξ, η, ζ) (Fig. 2a) for a standard element with twenty nodes 

may be expressed as 

Ni(ξ,η,ζ)=
1
8
(1+ξξi)(1+ηηi)(1+ζζi)(ξξi +ηηi +ζζi − 2) (i=1,2,…,8)

Ni(ξ,η,ζ)=
1
4
(
1 − ξ2)(1+ηηi)(1+ζζi) (i=9,11,13,15)

Ni(ξ,η,ζ)=
1
4
(
1 − η2)(1+ξξi)(1+ζζi) (i=10,12,14,16)

Ni(ξ,η,ζ)=
1
4
(
1 − ζ2)(1+ξξi)(1+ηηi) (i=17,18,19,20)

(22)  

this gives 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

x =
∑20

i=1
xiNi(ξ, η, ζ)

y =
∑20

i=1
yiNi(ξ, η, ζ)

z =
∑20

i=1
ziNi(ξ, η, ζ)

(23)  

within any element with 20 nodes (xi, yi) (i = 1,2,…,20) shown in 
Fig. 2b. A mesh with four bottom mounted circular cylinders is shown in 
Fig. 4. Similar to Wang and Wu (2007) and Wang and Wu (2010), an 

element distribution based on an equation in Chung (2002) is used to let 
the element to cluster near the free surface and the cylinder surface. 

Once the mesh is generated, the velocity potential φ in any element e 
can be expressed in terms of the shape functionN(e)

i (ξ, η, ζ) in the element 
e 

Fig. 4. A mesh for four bottom mounted circular cylinders.  

Fig. 5. Damping zone on free surface.  

Fig. 6. Comparisons of wave peaks at the intersectional line; (a) Fn=− 0.1; (b) 
Fn=0; (c) Fn=0.1. 

Fig. 7. Comparisons of wave peaks at the intersectional line; (a) Fn=− 0.1; 
(b) Fn=0.1. 
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φ(x, y, z) =
∑20

i=1
φiN

(e)
i (ξ, η, ζ). (24) 

Through the Galerkin method, we have 
∫ ∫ ∫

∀

∇2φδφd∀ = 0, (25)  

where δφ is the variation of the potential. Using Green’s identity and the 

boundary conditions, the following finite element linear system can be 
obtained 

MΦ = F (26)  

where M is the coefficient or stiffness matrix, Φ = [φ1,φ2, ..,φI, ...,φn]
Tis 

the velocity potential vector and F the right hand side vector. The 
element in matrix M and vector F may be expressed as, respectively, 

MIJ =

∫ ∫ ∫

∀

∇NI⋅∇NJd∀

FI =

∫∫

Sn

NIfndS,

where NI(ξ, η, ζ) may be taken as a global shape function and it is 
expressed as 

NI(ξ, η, ζ) =
{

N(e)
i (ξ, η, ζ) (ξ, η, ζ) ∈ e

0 (ξ, η, ζ) ∕∈ e
,

and fn = − U→⋅ n→ is the normal velocity on the cylinder surface given in 
Eq. (9). It should be mentioned that matrix M in Eq. (26) is a non- 
singular symmetric positive definite matrix and hence the linear sys
tem of Eq. (26) can be solved through the conjugate gradient method 
with a symmetric successive over relaxation (SSOR) preconditioner. 

For long time simulations, an appropriate radiation condition should 
be imposed on the boundary Sc to minimize the wave reflection. Here we 
use a damping zone method, which is similar to that used by Nakos et al. 
(1993) for the linear problem. We rewrite Eqs. (13) and (14) as 

Dx
Dt

=
∂φ
∂x

+ Ux,
Dy
Dt

=
∂φ
∂y

+ Uy,
Dz
Dt

=
∂φ
∂z

− ν(r)(z − ηI), (27)  

Dφ
Dt

= − gz +
1
2
|∇φ|2 − ν(r)(φ − φI), (28)  

where ηI and φI are the wave elevation and potential of incident wave in 
Eqs. (11) and (12) respectively, and ν is the damping coefficient given by 

ν(x) =

⎧
⎪⎨

⎪⎩

αω
(

r − r0

ld

)2

r0 ≤ r ≤ r1 = r0 + ld

0 r < r0

,

where ω is the linear wave frequency, and α is the strength of the 
damping coefficient and chosen to be 1.0 in this study. r is the distance 
for the point p under consideration to the center of the nearest cylinder. 
For a single cylinder shown in Fig. 5, damping zone starts from the edge 
of an inner rectangle r = r0(x, y) and ends at outer rectangle r1 = r0(x,
y)+ ld(x, y). The width of the damping zone Ldm is set to be one wave
length for short waves and eight times the radius of the cylinder cross 
section for long waves. 

The fourth order Runge-Kutta method is adopted for the integration 
with respect to time to update the wave elevation and the potential on 
the free surface and it has been used in previous works (Wang et al., 
2011; Wang et al., 2013; Wang and Khoo, 2005). In addition, when the 
simulation is over a substantial period of time, the nodes on the free 
surface may cluster and cause elements to be distorted. In order to avoid 
this, nodes on the free surface should be rearranged every several time 
steps. The element on the free surface is quadrilateral 8-node para
metric. The potentials and wave elevations on all nodes of the new mesh 
after remeshing should be calculated through interpolation, and the first 
step is to calculate (ξ, η) for each element. We define two functions 
f1(ξ, η) and f2(ξ, η) as follows 

Fig. 8. Hydrodynamic force in x-direction versus ka; (a) Fn=− 0.1; (b) Fn=0.0; 
(c) Fn=0.1. 

Fig. 9. Configuration of four cylinders.  
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f1(ξ, η) =
∑8

i=1
Ni(ξ, η)xi − xr

f2(ξ, η) =
∑8

i=1
Ni(ξ, η)yi − yr

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

, (29)  

where Ni(ξ, η) (i = 1,2…,8) are the shape functions of the quadrilateral 

8-node parametric element, (xi, yi) (i = 1,2,…,8) are nodes of any 
element before remeshing, and (xr,yr) is any node of the new mesh. 
When (xr,yr) is within the element, (ξ, η) can be obtained by the method 
of Newton-kantorovich for solving the following nonlinear system 

ξ(k+1) = ξ(k) − Fʹ( ξ(k)
)− 1F

(
ξ(k)

)
(k= 0,1,⋯) (30)  

Fig. 10. Comparisons of wave histories at Fn=0.05 and kca=1.63 for two meshes with different time intervals; (a) A1; (b) C1; (c) A4; (d) C4.  

Fig. 11. Wave peaks versus kca at different Fn; (a) A1; (b) C1; (c) A4; (d) C4.  
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through iteration. The superscript (k) and (k + 1) represents the k- and (k 
+ 1)-th iterations, respectively, and ξ,F& Fʹare 

ξ = (ξ, η)T
,

F = (f1, f2)
T
,

Fʹ(ξ) =

⎡

⎢
⎢
⎢
⎣

∂f1

∂ξ
∂f1

∂η
∂f2

∂ξ
∂f2

∂η

⎤

⎥
⎥
⎥
⎦
.

respectively. The potential φr and wave elevation ηr at (xr, yr) can be 

calculated after (ξ, η) are obtained by the following equation 

φr =
∑8

i=1
Ni(ξ, η)φi, ηr =

∑8

i=1
Ni(ξ, η)ηi (31)  

where φi, ηi (i = 1,2,…,8) are the potentials and wave elevations at (xi, 
yi) (i = 1,2,…,8), respectively. 

4. Numerical results 

Before simulating four-cylinder cases, a single bottom-mounted 
cylinder whose center is at the origin and the initial water depth h =
a, where a is the cross section radius of the cylinder, is considered for 

Fig. 12. Wave peaks versus kca at different Fn in single isolated cylinder cases; (a) Upstream side; (b) Downstream side.  

Fig. 13. Peaks of hydrodynamic forces in x’-direction versus kca at different Fn; (a) Cylinder 1; (b) Cylinder 2; (c) Cylinder 3; (d) Cylinder 4.  
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validation. The incident is the second order Stokes wave and the linear 
wave slope H/λ=0.01. The incident angle βw = 0oand current angle βc =

0o. The nondimensionalized wavenumber ka=1.0, and three Froude 

numbers Fn=− 0.1, 0 and 0.1 are used in the simulation. To allow a 
gradual development of the diffraction potential and avoid an abrupt 
start, a modulation or ramp function M(t) is employed to the cylinder 

Fig. 14. Peaks of hydrodynamic moments around y’-direction versus kca at different Fn; (a) Cylinder 1; (b) Cylinder 2; (c) Cylinder 3; (d) Cylinder 4.  

Fig. 15. Comparisons of wave peaks between the nonlinear results and the linear and linear plus second solutions; (a) C1 (Fn=0); (b) A4 (Fn=0); (c) C1 (Fn=0.05); (d) 
A4 (Fn=0.05). 
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Fig. 16. Comparisons of hydrodynamic forces in the x’-direction between the nonlinear results and the linear and linear plus second solutions; (a) Cylinder 1 (Fn=0); 
(b) Cylinder 4 (Fn=0); (c) Cylinder 1 (Fn=0.05); (d) Cylinder 4 (Fn=0.05). 

Fig. 17. Comparisons of wave peaks and hydrodynamic forces in the x’-direction between the nonlinear results and the linear and linear plus second solutions at 
Fn=0.1; (a) Wave peak at C1; (b) Wave peak at A4; (c) Force on cylinder 1; (d) Force on cylinder 4. 
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surface condition given in Eq. (9) 

∂φ
∂n

= − M(t)U→⋅ n→ on Sb,

where M(t) is expressed as 

M(t) =

⎧
⎪⎨

⎪⎩

1
2

[

1 − cos
(

π t
Tc

)

] t <Tc

1 t ≥ Tc

,

where Tc is the linear wave period with current effect. The results about 
the peaks of waves around the cylinder are given in Fig. 6, in which θ is 
the angle between the connecting line of the original points and any 
intersectional point and the positive x-axis, and the linear results by 

Büchmann et al. (1998) and Cheung et al. (1996) were also provided for 
comparisons. It can be seen that the present fully nonlinear result is 
generally in good agreement with those by Büchmann et al. (1998) and 
Cheung et al. (1996) at Fn=0. However, it is clearly different from others 
at Fn=− 0.1 and 0.1. This is mainly because the fully nonlinear solution 
includes the component of wave caused by the current and it is omitted 
by the linear wave theory. We now make fully nonlinear simulations 
without considering the wave effect. That is, interaction between the 
cylinder and the current only is simulated and the wave ηc is obtained, 
and comparisons are then made between the linear and the fully 
nonlinear solutions and the results are given in Fig. 7, in which ή = η for 
the former and ή = η − ηcfor the latter, where η is the fully nonlinear 
wave in Fig. 6. The agreement becomes much better than those in Fig. 6 

Fig. 18. Wave histories at kca=1.66; (a) A1; (b) C1; (c) A4; (d) C4.  

Fig. 19. Histories of hydrodynamic forces at kca=1.66; (a) Cylinder 1; (b) Cylinder 2; (c) Cylinder 3; (d) Cylinder 4.  
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especially at Fn=0.1. Fig. 8 gives comparisons of the hydrodynamic 
components in the x-direction between the present nonlinear result and 
the linear solution by Skourup et al. (2000) and they also agree well with 
each other. All these comparisons indicate that the present numerical 
model is effective. 

The simulation is then made for wave diffraction by four vertical 
bottom-mounted cylinders with neighboring spacing Lcy=4a (see Fig. 9) 
and the calm water depth h = 3a. The length and breadth of the fluid 
domain are L = 8λ and B = 8λ, respectively. The coordinate system ox́ ý is 
obtained through rotating the oxy by 45◦. The center of the four-cylinder 
is at the original point o. 

As described by Malenica et al. (1999), one of the most interesting 
things for the four cylinder in Fig. 9 acted by second order Stokes waves 
is the near-trapping phenomenon. The wave elevation at some locations 
and hydrodynamic forces on some cylinders become very large when the 
wave frequency approaches the trapped frequency. They found that the 
first- and second-order near-trapping modes happen at ka=1.66 and 
0.468, respectively, when the incident wave propagates along the 
x’-axis, namely βw = 45o. Their work did not involve the current effect. 
We now consider similar cases but with considering a uniform current at 
βc = 45o or 135o, which means the current along the positive or the 
negative x’-axis. 

The convergence test are first made by using two meshes: one is that 
nh=8 layers along the vertical direction and ef=5044 quadrilateral 8- 
node elements with nf=15,505 nodes on the free surface, which corre
sponds to et=40,352 hexahedral 20-node elements with nt=181,377 
nodes in the whole fluid domain, and they are nh=12, ef=6868, 
nf=21,025, et=82,416 and nt=358,249, respectively, for the second 
mesh. Fig. 10 shows wave histories at Fn=0.05 and kca=1.63 at four 
positions A1, C1, B4 and C4 by using the above two meshes with time 
intervals Δt=Tc/250 and Tc/500, respectively. It can be seen that the 
waves are in very good agreement for Mesh one with Δt=Tc/250 and 
Mesh two withΔt=Tc/500 at the four locations, which indicates that the 
results are convergent for using Mesh one withΔt=Tc/250. 

The wave peaks at A1, C1, B4 and C4 at H/λ=0.01 and four Froude 
numbers Fn=− 0.05, 0, 0.05 and 0.1 are calculated and the results about 
the wave peak versus kca is given in Fig. 11, in which ηmaxdenotes the 
maximum value of the wave, namely the wave peak and hereinafter for 

the subsequent figures. The time interval in the simulation is chosen to 
beΔt=Tc/200 for Fn=0, Tc/250 for Fn=− 0.05 & 0.05 and Δt=Tc/500 for 
Fn=0.1. It can be found from the Fig. 11 that the current has clear in
fluence on the wave at these four points within the whole range of 
nondimensionalized wavenumber 0.4≤kca≤2. The variations of wave 
peaks with kca is completely different from those in an isolated single 
cylinder cases (see Fig. 12). 

As Evans and Porter (1997) pointed out, the wave energy is 
concentrated within the region of four cylinders especially near points 
C1 and A4 and a near trapping phenomenon happens. It can be seen that 
from Figs. 11b that a bigger peak appears at each Froude number at 
point C1, which is the first trapping mode. The wave peak at Fn =0 occurs 
at kca =1.66, which is at the first trapping mode and obtained by the 
linear theory in Evans and Porter (1997) for the situation without cur
rent and also used by Malenica et al. (1999) to simulate second order 
wave diffraction by four bottom mounted cylinders. At smaller Froude 
number Fn=− 0.05 and 0.05, the wave peaks appear around kca =1.64 
and 1.63, respectively, which are very close but slightly different from 
that at Fn=0. When the Froude number increases to a larger value 
Fn=0.1, the resonant nondimensionalized wavenumber becomes 
kca=1.55, which clearly deviates from those at Fn=− 0.05, 0 and 0.05. 
All these indicate the resonant nondimensionalized wavenumber at 
Fn∕=0 may be different from that Fn=0 and the difference becomes 
clearer when Fn is larger. It is because the kinematic free surface con
dition Eq. (13) includes the term of current speed, which affects the 
wave evolution, and hence the wave phase may be different at different 
current speeds. It can also be seen that the magnitude of the peak clearly 
increases as the increase of the Froude number, which indicates that the 
wave resonance will be intensified when Fn increases. From the 
perspective of second order theory, it should be caused by larger am
plitudes of the scattered waves under larger Fn. This is completely 
different from that found by Huang and Wang (2019), in which the 
resonant wave produced by two cylinders in forced motions generally 
becomes weaker as the Froude number increases. Furthermore, a 
smaller peak is also observed near kca=0.468 at each Froude number, 
which is the second trapping mode (Malenica et al., 1999), at which the 
peaks are generally become larger as Fn increases except those from 
Fn=− 0.05 to 0. The peaks at point A4 (Fig. 11c) shows similar variations 

Fig. 20. Wave histories at H/λ=0.04 and kca=1.6;(a) A1;(b) C1;(c) A4;(d) C4.  
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to those at C1. However, the peak shows even clearer change and it in
creases as the increase of Fn at both the first and second trapping modes. 
It should be noticed that the nondimensionalized wavenumbers at the 
first trapping mode at C1 are almost equal to those at A4 but have a little 
more deviation at the second trapping mode. They are 0.464, 0.472, 
0.476 and 0.466 at C1 but 0.466, 0.472, 0.508 and 0.5 at A4, 
respectively. 

Figs. 13 and 14 depict the corresponding maxima of hydrodynamic 

forces in x’-axis and moment along y’-axis on four cylinders. Similar to 
the wave peak in Fig. 11, the difference between the four Froude 
numbers is clear within the whole range of nondimensionalized wave
numbers. The peaks of force at the first order trapping mode, which is 
near kca=1.66, can be observed, and they increase as the increase of Fn 
from − 0.05 to 0.1 for cylinder 4 and from − 0.05 to 0.05 for cylinder 1. It 
can also be seen that smaller peaks appear around kca=0.468 at every 
Froude numbers for cylinders 1 and 4, which is the second trapping 

Fig. 21. Wave profiles at H/λ=0.02, kca=1.64 and t = 25.6T;(a) Fn=− 0.05;(b) Fn=0;(c) Fn=0.05.  
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mode. Actually, the largest peak for cylinders 1, 2 or 3 at each Froude 
number is at around kca=0.85, 0.7, respectively, and it becomes larger 
as the increase of Fn. As for the moments in Fig. 14, their variation 
patterns with kca and Fn are almost the same as those in Fig. 13 since the 
cylinder is bottom-mounted and hence the moment center does not 
change with the time for each cylinder. It should be noticed that cylin
ders 2 and 3 is symmetric about x’-axis and hence and the peak of force 
in x’-axis or peak of moment along y’-axis is identical to each other. 

Fig. 15 makes comparisons of wave peaks at C1 and A4 between the 
present fully nonlinear results and those through the second order the
ory based on the finite element method, which has been employed by 
Yang and Wang (2020) for simulations of the same near-trapping phe
nomenon around four vertical bottom mounted cylinders in a steady 
current as the present paper. It is seen from the figure that the peak at the 
first trapping modes (kca=1.66 for Fn=0 and kca=1.63 for Fn=0.05) are a 
little larger than the linear plus second order solution at both Fn=0 and 

Fig. 22. Wave peaks versus kca at H/λ=0.04; (a) A1;(b) C1;(c) A4;(d) C4.  

Fig. 23. Peaks of hydrodynamic forces in x’-direction versus kca at H/λ=0.04; (a) Cylinder 1; (b) Cylinder 2; (c) Cylinder 3; (d) Cylinder 4.  
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0.05, respectively. However, the fully nonlinear results are generally in 
good agreement at both Fn=0 and 0.05 with the linear plus second order 
solutions within the whole range of nondimensionalized wavenumber. 
Similarity can be found for the hydrodynamic force in the x’-direction in 
Fig. 16. 

A comparison of the wave peaks and hydrodynamic forces at Fn=0.1 
is also made and it is depicted in Fig. 17. It is seen from Figs. 17a & b that 
the waves at Fn=0.1 are clearly different from the linear plus second 

order solutions in magnitude and phase of peak. Through these com
parisons between the fully nonlinear result and the linear plus second- 
order solutions at Fn=0, 0.05 and 0.1 in Figs. 15 and 17, it is seen that 
difference between them becomes larger with the increase of Froude 
number. This is mainly because the linear and linear plus second order 
solutions are based on the second order theory with the assumption of 
small current speed, and hence it is natural for the difference to increase 
as the current speed increases. The comparison of force peaks on 

Fig. 24. Wave peaks versus kca at different H/λ;(a), (c) & (e) C1; (b), (d) & (f) A4.  

Fig. 25. Peaks of hydrodynamic forces on cylinders 1 & 4 versus kca at different H/λ;(a), (c) & (e) Cylinder 1; (b), (d) & (f) Cylinder 4.  
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cylinders 1 & 4 in Figs. 17d & c is similar to the wave. 
Fig. 18 gives histories of waves at four locations A1, C1, A4 & C4 at 

kca=1.66, which is close to the first trapped mode. It is seen that the 
waves finally become stable within 40 cycles at three Froude numbers 
Fn=− 0.05, 0 & 0.05. The three waves exhibit clear difference in peaks 
and troughs between three Froude numbers at each location except C4, 
and the wave peak at C1 & A4 becomes larger as the Froude number 
increases but not for that at A1. In addition, the phase difference be
tween Froude numbers generally becomes clearer with the development 
of time at all locations. Fig. 19 shows the corresponding hydrodynamic 
forces in x’-direction on every cylinder. It can be seen that the forces on 

cylinders 1 & 4 are much different from each other in peak/trough and 
phase between the three Froude numbers. However, they are a little 
difference only for those on cylinders 2 & 3 since the forces on cylinders 
1 & 4 are more affected by the near-trapping mode. 

We also consider some cases with two larger wave slope H/λ=0.02 
and 0.04, which is at the trapping modes kca=1.64 and 1.6, respectively. 
We given the cases at H/λ=0.04 only here and the wave histories is 
plotted in Fig. 20. Similar to those at H/λ=0.01 in Fig. 18, the wave 
differences in peak/trough and phase between Fn=− 0.05, 0 & 0.05 are 
also very clear. 

The wave profiles at H/λ=0.02, kca=1.64 and t = 25.6T around the 

Fig. 26. Wave histories at (a), (b) kca=1.64 and Fn=− 0.05;(c), (d) kca=1.64 and Fn=0; (e), (f) kca=1.6 and Fn=0.05; (a), (c) & (e) C1;(b), (d) & (f) A4.  

Fig. 27. Histories of hydrodynamic forces at Fn=0.05 and kca=1.6;(a) Cylinder 1;(b) Cylinder 4.  

C.Z. Wang et al.                                                                                                                                                                                                                                 



Applied Ocean Research 150 (2024) 104125

16

four cylinders at the near-trapping mode are plotted in Fig. 21. The wave 
patterns at three Froude numbers are clearly different due to current 
effect. It is apparently shown that six peaks within both upstream and 
downstream zones along the x’-axis direction at Fn=0 in Fig. 21b, but 
there are seven and five peaks within both zones at Fn=− 0.05 and 0.05, 
respectively, which means the wavelength becomes larger as the in
crease of Fn. As discussed by Cheung et al. (1996) in their study on linear 
wave diffraction by a vertical bottom-mounted circular cylinder, the 
linear wavelengths are identical to each other at different Froude 
numbers when the nondimensionalized wavenumber ka is fixed. As 
shown in Fig. 21, the nondimesnional wavenumber kca with current 
effect is fixed, which means ka decreases as Fn increases, and this in
dicates larger wavelength at larger Fn. Moreover, it can also be seen that 
the wave peaks within the upstream zone are clearly become larger as 
the Froude number increases due to the larger amplitudes of the scat
tered waves. In addition, the waves around the cylinders are clearly 
different between the three Froude numbers. 

The peaks of waves and hydrodynamic forces at H/λ=0.04 as func
tions of kca at Fn=− 0.05, 0 and 0.05 are given in Figs. 22 and 23. It is 
shown that the wave variations with kca or Fn are similar to those at H/ 
λ=0.01 in Fig. 11, that is, the wave peaks at the near-trapping mode also 
becomes larger as Fn increases. However, the resonant non
dimensionalized wavenumbers are a little different and they are about 
1.64, 1.64 and 1.6 when Fn=− 0.05, 0 and 0.05, respectively. It can also 
be found that the nondimensionalized wave peaks at the resonant mode 
are smaller at C1 and are larger at A4 than those at H/λ=0.01. Similarity 
can be found for the force on cylinders 1 & 4 (see Figs. 23) and the 
moment, which is not given here. 

Some comparisons of wave peaks as functions of kca at H/λ=0.01, 
0.02 and 0.04 are conducted and the wave peaks s at C1 and A4 are given 
only because they are more interesting than those at A1 and C4.The re
sults are given in Fig. 24. It is seen from the figure that the changes of 
three peaks with kca are similar to each other at each Froude number and 
each location. However, clear difference still exists within the whole 
range of kca especially around the first trapping modes and it becomes 
even clearer at larger Froude numbers, which indicates the nonlinearity 
is clearer. It should be noticed that the resonant nondimensionalized 
wavenumbers in the simulation are a little different at different wave 
slopes even with identical Froude numbers, which can be seen from the 
figure. It can also be seen that the resonant wave peak at C1 at each 
Froude number slowly decreases as the increase of wave slope (see 
Figs. 24a, c & e). In contrast to this, it clearly becomes larger when the 
wave slope increases at A4 (see Figs. 24b, d & f). All these indicate the 
resonant characteristic becomes weaker at C1 and it magnifies at A4 as 

the increase of the wave slope or the incident wave amplitude. 
The corresponding force peaks on both cylinders 1 and 4, on which 

the resonant effect is more serious than cylinders 2 and 3, are given in 
Fig. 25. Similar to the wave peak at C1, the peaks of forces on both 
cylinders at the resonant frequency decreases as the increase of the wave 
slope at each Froude number and their discrepancy between H/λ=0.01, 
0.02 and 0.04 becomes more evident at larger Froude numbers. 

Figs. 26 makes further comparisons of wave histories at the resonant 
nondimensionalized wavenumbers kca=1.64, 1.64 and 1.6, which 
correspond to Fn=− 0.05, 0 and 0.05, respectively, between H/λ=0.01, 
0.02 and 0.04. At Fn=− 0.05 and Fn=1.64 In Fig. 26a & b, the peak of 
wave at C1 in Fig. 26a slightly decreases as the increase of the wave 
slope. On the contrary, the wave peak at A4 in Fig. 26b a little clearly 
increases when Fn becomes larger, which is consistent with those in 
Fig. 24. When the Froude number increases to Fn=0 and 0.05, the wave 
peak at C1 (Figs. 26c, d) generally decreases as the increase of the wave 
slope although it not very clear. However, its increasing trend becomes 
more and more evident for the wave peak at A4 (Figs. 26e, f). 

The corresponding hydrodynamic forces on cylinders 1 and 4 are also 
obtained at Fn=0.05 and two resonant nondimensionalized wave
numbers kca=1.6 and 1.64, which correspond to H/λ= 0.04 and 0.01 or 
0.02, respectively. The results are given in Figs. 27 and 28, respectively. 
It is seen from Fig. 27 that the forces clearly deviate from each other. It is 
also noticed that the force on cylinder 4 at H/λ=0.04 has double peaks, 
which indicates a stronger nonlinearity than others. Fig. 28 shows some 
similar variations to Fig. 27, in which the discrepancy between the three 
wave slopes is also clear. However, the difference is that the force peak 
regularly decreases as the wave slope increases, which can also be seen 
from Fig. 25. 

5. Conclusion 

The near-trapping phenomenon of wave diffraction by a four- 
cylinder configuration is numerically studied in the present paper. A 
higher order finite element with hexahedral 20-node isoperimetric ele
ments is utilized in the fully nonlinear numerical simulations. The ve
locity potential in the fluid domain is obtained by solving the finite 
element linear system through a combination of CG method and SSOR 
preconditioner, while the potential and wave elevations on the free 
surface are updated by the fourth order Runge-Kutta method. 

Validations are made for an isolated single cylinder to verify the 
numerical method and good agreement is achieved between the nu
merical results and previous studies. The fully nonlinear numerical re
sults of waves and hydrodynamic forces for the four-cylinder have been 

Fig. 28. Histories of hydrodynamic forces at Fn=0.05 and kca=1.64;(a) Cylinder 1;(b) Cylinder 4.  
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compared with the linear and linear plus second order solutions and it 
shows that they generally agree well with each other, which further 
verify the present numerical mode is effective. 

The numerical results show that the near-trapping phenomenon is 
significantly affected by the uniform current. The wave peaks at some 
locations within the interior region of the four-cylinder increase as the 
Froude number increases at the first near-trapping frequencies, which 
indicates that the wave resonance phenomenon is intensified in the 
following current, namely, the Froude number Fn>0; In contrast to this, 
it is weakened in the adverse current (Fn <0). Similarly, the resonant 
characteristic of the hydrodynamic force on cylinders 1 and 4 generally 
becomes stronger as the Froude number increases. 

The nonlinearities and resonant characteristic of waves and forces at 
the near-trapping modes are also studied at different wave slopes. It is 
found that the difference of the resonant wave peaks at both locations C1 
and A4 at different wave slopes become more evident as the Froude 
number increases and hence has clearer nonlinearity. The wave peak 
decreases at C1 and clearly increases at A4 as the wave slope increases at 
each Froude number, which also indicates weaker and stronger resonant 
characteristics, respectively. However, the peak of the hydrodynamic 
force on both cylinders 1 & 4 at the first near-trapping mode regularly 
decrease as the wave slope increases at each Froude number and hence 
has weaker resonant characteristics. 
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